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ABSTRACT
The correlation between nucleon-nucleon interactions 𝑉(𝑟) and the pairing energy gap ∆ is
studied theoretically. When two nuclear particles collide due to the interaction, they get
scattered after approaching within a distance of the nearest approach or scattering length 𝑎
which leads to deviation from original path and this leads to phase shift 𝛿𝑙 . Hence there
will be a relation between 𝛿𝑙 , 𝑎 and 𝑉(𝑟) . This is what has been calculated by assuming a
particular form of interaction potential 𝑉(𝑟) , and in this case Yukawa potential has been
used. The theoretical calculations leads to a singlet 1S0 scattering length of 𝑎 = −18.3 𝑓𝑚
which is very close to the value of 𝑎 = −19.3 𝑓𝑚 reported in the literature. Working on
the bare nucleon-nucleon interaction in 1S0 channel calculations were done using Yukawa
potential, which shows that phase shift 𝛿𝑙 (𝑘𝐹 ) is directly related to Fermi momentum 𝑘𝐹 .
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CHAPTER ONE
INTRODUCTION
1.1.

Introduction

Two nuclear particles within the range of nuclear force scatter when they are within the
scattering length 𝑎 or the impact parameter. Depending upon the direction of scattering,
there will be a phase shift 𝛿𝑙 and this will certainly depend on the nature of interaction
potential 𝑉(𝑟) .
1.2.

Atomic nucleus

At the beginning of nineteenth century, it was proposed that the atoms of different
elements were built up of different numbers of hydrogen atoms, but the elements like
chlorine and copper do not have whole number masses. This hypothesis was then
abandoned. It was then proposed that the charge of the nucleus is the same as the charge
on the electrons revolving in Bohr orbits. For Z electrons, the charge of the nucleus will
be 𝑍𝑒-positive charge, so that the atom as a whole is neutral. This concept was based
on the Rutherford model of the atom when he concluded, by conducting ∝- scattering
that the positive charge of the nucleus is concentrated at the center of the nucleus. But
the concept of a nucleus being composed of protons could not explain the large increase
in the masses of the nuclei (or atoms) as the mass number 𝐴 increased. The number of
electrons and protons were equal (𝑍), but the mass number A was very different from
the proton number 𝑍. Then came the discovery of a neutral particle by (J. Chadwick
1932), and this particle was called neutron. Neutron was considered as a new type of
elementary particle along with proton and electron. Its mass (𝑚𝑛 ) is slightly more than
the mass of the proton(𝑚𝑝 ). All these three particles are fermions and have spin
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1.3.

Nature of nuclear forces

A nucleus is basically composed of neutrons and protons that are very strongly bound
to each other by so called short-range saturated nuclear forces. By the word saturated it
means that there is no force which is much bigger than the gravitational and
electromagnetic forces. None of the forces can account for the large nuclear binding
per nucleon (Preston 1962, Bardeen & Schrieffer 1957). The range of the nuclear force
is of the order of 2 fm, and within this range the nuclear force is very strongly attractive.
The smallest nucleus compose of a neutron and a proton called deutron, its binding
energy is small since it is difficult to distinguish between the core region and surface
region of the nucleus, the proton and neutron may be near the surface such that they are
not that strong bound. This is true of small a nuclei, roughly up to ≅ 14 .
1.4.

Statement of the problem

When two nuclear particles come together such that they will be in the range of the
force, they will interact as they scatter. The direction of scattering depends on the nature
and strength of the interaction potential V(r), and there will be a phase shift 𝛿 due to
the process of scattering. Another parameter involved in scattering is the distance of
nearest approach, also called scattering length 𝑎, and the sign of 𝑎 depend on the sign
of V(r), i.e. whether the potential or force is attractive or repulsive. In finite nuclei,
infinite nuclear matter (whether symmetric or asymmetric), and or neutron matter (as
in neutron stars), the systems could be in a superfluid state when the particles interact
in pairs and the state of the pair is 1S0 (singlet state). This leads the existence of a pairing
energy gap ∆ in the excitation spectrum of the system. Now since the pairing energy
gap ∆ is a consequence of the existence of the inter-particle interaction V(r) and the
parameter 𝑎 and 𝛿 are also related to V(r); hence there must exist some relationship
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between V(r),𝑎, 𝛿 and ∆, but has not be investigated in detail using different
parameters.
1.5.

Objectives of the study

1.5.1

General Objective

The general objective of this study was to investigate the correlation between nucleonnucleon interaction, pairing energy gap and phase shift for identical nucleons in a
nuclear system.
1.5.2

Specific Objectives

The specific objectives of the study were:
1)

To establish a relation between scattering length 𝑎𝑛𝑛 and pairing gap ∆.

2)

To obtain numerical values of pairing gap ∆ using lead isotopes and compare
with experimental and theoretical values.

3)

To establish correlation between Energy gap against and Fermi momentum
using Yukawa potential.

4)

To determine the relation between energy gap ∆, nucleon-nucleon interaction
potential 𝑉𝑟 and phase shift 𝛿𝑙(𝑘) , using Yukawa potential.

1.6.

Significance of the study

Assuming pair interaction in finite nuclei and nuclear matter, the objective is to
correlate various parameters, and establish how there is an agreement between
theoretical calculations and experimental observations. It is shown theoretically how
nucleon-nucleon interactions influence the pairing gap, scattering length and phase
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shift. The correlation between different parameters, like energy gap ∆ phase shift 𝛿𝑙 ,
scattering length 𝑎𝑛𝑛 and the strength of the interaction potential has been established.
Since interactions between the nucleons play a predominant role in determining the
binding energy of nucleons and nuclei, it is important to understand the role played by
the inter-nucleon force or potential in determining nuclear properties. Experimental
study of the scattering of nuclear particles involves the study and measurement of
scattering length 𝑎 and the phase shift 𝛿𝑙 . Hence it is appropriate to study how these
parameters depend on each other, and this is the main purpose of the theoretical study
presented in this thesis. Calculations on pairing energy gap are of great importance in
describing the pairing of nucleons. The scattering of nucleons is influence by interaction
potential which contributes to the stability of the nuclei.
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CHAPTER TWO
LITERATURE REVIEW
2.1. Introduction
Neutron-neutron pairing, neutron-proton pairing and proton-proton pairing is the basic
to the study of the properties of finite nuclei and nuclear matter. Quantum many-body
theory is used to study the properties of finite nuclei and nuclear matter, especially
symmetric nuclear matter. The supper-fluidity of nuclear matter, finite nuclei and
neutron stars has been studied from time to time (Khanna, 1962 and Heisenberg. &
Jensen, 2000). The main focus in this study is the link between supper-fluidity of
nuclear matter symmetric and asymmetric and the role played by Yukawa in nucleonnucleon interactions. In the low density systems (outer part of the star) supper-fluidity
(in the case of a star it is neutron supper-fluidity) is expected mainly in the attractive
𝜌

singlet 1S0 channel. Low density corresponds to values of the order of 𝜌 ∼ 100 where
𝜌0 the highest is or saturation density of symmetrical nuclear matter.
At low density, average inter particle distance is large and thus the particles (neutrons
or protons) mainly experience the attractive components of the 1S0 pairing interaction.
But, at higher densities of the order of 𝜌0 , the pairing effect is compensated by strong
short-range repulsive components of the interactions. Supper-fluidity in a system is
exhibited by the appearance of an energy gap ∆, in the energy spectrum of system. But
how the density ranges affects the magnitude of the gaps remains uncertain (Dean &
Jensen. 2003), which means particularly when nucleons are in a super-fluid level of
state.
In infinite nuclei and nuclear matter, coulomb forces are weak, and then due to the
charge symmetry the nuclear forces between neutrons and neutrons, protons and proton,

6
neutrons and protons are assumed to be identical. This also results in isotopic
differences of the nucleon-nucleon interactions, with charge symmetry; the word
nucleon is introduced irrespective of the fact whether the nuclear particle is proton or
neutron. Such a system of nucleons is described by the quantum number called the isospin or isotopic spin quantum number, and since the nucleons are fermions, the iso-spin
1

1

1

𝜏 = 2 (half-integral spin). This spin can have two fundamental values, − 2 and+ 2 and
1

these will describe the two states of the nucleons. The proton is described by 𝜏 = − ,
2

1

and the neutron is described by 𝜏 = + 2. The iso-spin quantum number is devoted in
general, by the symbol 𝜏. If N is the number of neutrons and Z is the number of protons
in a nucleus, then the projection Τ𝑧 of the iso-spin is written as

Τ𝑧 =

𝑁−𝑍

(2.1)

𝑧

In a nucleus with equal number of neutrons and protons 𝑇𝑧 = 0. For a nucleon-nucleon
1

1

system with 𝑇 = 1, the iso-spin projections are 𝑇𝑧 = +1,0, −1. here 𝑇𝑧 = + 2 + 2 will
1

1

correspond to neutron-neutron system. The 𝑇𝑧 = 0 = + 2 − 2 will correspond to a
1

1

neutron-proton systems; and 𝑇𝑧 = −1 = − 2 − 2 will correspond to a proton-proton
system. Hence the total spin angular momentum 𝐽 = +1 + 0 − 1 = 0 and this
maintains the anti-symmetry of the total nucleon-nucleon wave-function. Similarly
1

1

when 𝑇 = 0 = 2 − 2 , it will refer to a neutron-proton system. This arrangement
corresponds to two different types of elementary particles pairing and total spin will
depending on spin and isotopic spin quantum numbers of proton-neutron etc. pairing
involved. More details can be found in (Ghosh 2010 and Blatt & Weiss Kopf. 1982)
theoretical nuclear physics.
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2.2.

Nucleon-Nucleon Interaction

The nucleon-nucleon interaction or the nuclear force is a very strong short-range force
whose range is the order of 1.5 -2.0 fm. It is stronger that it is very large when compared
to the gravitational and electromagnetic force. When two nucleons or any nuclear
particles approach each other two specific physical parameters will be involved. One is
the distance of nearest approach 𝑎, and the other is the range of the nuclear force 𝑟𝑜 .
The particles will interact and scatter only if the distance of nearest approach which is
also called impact parameter 𝑎 < 𝑟0 . If 𝑎 > 𝑟0 then the particles will not feel the
interaction potential. Hence there has to be some correlation between the interaction
potential and the impact parameter (also known as scattering length). There are many
types of the nucleon-nucleon interaction potentials, and hence they will lead to varying
magnitudes for 𝑎 and 𝑟𝑜 .
When the two nucleons interact and scatter, the outgoing waves are affected in phase
or in amplitude or in both. Hence, there will be existence of some definite correlation
between the interaction of the potential V(r) and phase shift 𝛿𝑙 . In the scattering or
interaction process, the scattering length 𝑎 must also be involved. Therefore the
interaction potential V(r), the scattering length 𝑎 and the phase shift 𝛿𝑙 must be
correlated to each other.
In general low-energy scattering experiment can measure only two parameters of the
potential, namely the scattering length ‘a’ and the range 𝑟𝑜 . And the relation
between 𝑎, 𝑟𝑜 and the phase shift 𝛿0 (𝛿𝑙 is the phase shift for the angular momentum
state 𝑙, and 𝛿𝑜 will be the phase shift for the s-wave phase shift when 𝑙 = 0 and 𝑠 = 0)
is (Blatt & Weiss. 1982)
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1

1

𝑘 cot 𝛿0 = − 𝑎 + 2 𝑟0 𝑘 2

(2.2)

Where 𝑘 is the momentum transfer in the scattering process.
In superfluid systems, the wave function that describes pairing in the superfluid state is
the well-known BCS (Bardeen Cooper Schrieffer 1957) wave function written as
𝐼∅0 >𝐵𝐶𝑆 =

𝜋
𝑗,𝑚>0(𝑈𝑗

+
+
+ 𝑉𝑗 . 𝑎𝑗,𝑚
𝑎−𝑗,−𝑚
)1.0 >

(2.3)
Where 𝑈𝑗 =Probability amplitude of the state j not occupied by a pair of particles
𝑉𝑗 =

probability amplitude of the state j occupied but a pair of particles with equal

opposite momenta and spins10>= vacuum state of real particles such that 𝑎𝑗̌𝑚 10 ≥
0, where 𝑎𝑗̌ 𝑚 is a destruction operator 𝑈𝑗 𝑎𝑛𝑑 𝑉𝑗 Are real constants of transformation
such that 𝑈𝑗2 + 𝑉𝑗2 = 1 for fermions.
Using this wave function and the pairing Hamiltonian for a nuclear system, an
expression can be derived that correlates pairing energy gap ∆ with the interaction
potential V(r) and the Fermi momentum 𝑘𝐹 (Fetter. and Walecka. 2003). It is found that
the pairing energy gap at the Fermi surface depends on the coherence length 𝜉 of the
cooper pairs and the value of 𝜉 depends on the density of matter that in turn depends on
the state of confinement of the superfluid system.
2.3.

Super fluidity in neutron star matter

In both the 1S0 and3P2-3F2 channels phase shifts shows how the nucleon-nucleon
interaction is in the attractive side of the force. 1S0 channel, neutron-neutron channel
firmly recommends there must be a pairing condensate for low density. In 3P2-3F2
channel the attraction potential is strongly attractive at higher energy densities.
Different groups have obtained results which are in close agreement with 1S0 pairing
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energy gap values. The highest value of about 3 MeV is obtained at Fermi momentum
of the order of 𝐾𝐹 ≈ 0.8𝑓𝑚−1 (Khanna 1962). In the state 3P2-3F2 pairing gap is
important for cooling of neutron stars, where the gap affects the cooling with a
factor 𝑒 −

∆⁄
𝑇 , where ∆

the pairing energy gap, and this is severe for temperatures below

the pairing energy gap. The results obtained long ago along with modern potentials are
in agreement at low densities below 𝑘𝐹 ≅ 2.0𝑓𝑚−1 but differ at higher densities. This
shows that, within 𝐸𝐿𝑎𝑏 ≈ 350𝑀𝑒𝑉 the scattering data makes the ambiguities in the
results for the pairing energy gap. To workout the pairing energy gap for high densities
above 𝑘𝐹 ≅ 2.0𝑓𝑚−1 various potentials at high energies outside the range are required
to be fitted into the scattering data. The results might depend on the model chosen
resulting in the differences among the predictions at higher densities.
2.4.

Binding energy

Available nuclear force theory should be able to predict binding energy of heavy nuclei
more accurately. The binding energy is normally calculated by employing the HatreeFock theory and the t-matrix elements calculated with harmonic oscillator basis. Yale
and BJ, with which most calculations for finite nuclei have been done, are found to
under bind the nuclei by a large amount.
The static interaction (Hassan and Ramadan 1978) is also used to approximately
calculate the binding energy. The parameters that are used in the interaction are fixed
by using the data on the light nuclei. Generally modifications are made to the nuclear
force to make it yield more correct binding energy according to perturbation
calculation. In such models, the interaction between the 𝑛𝑛 pairs and the excess
neutrons in the neutron skin is considered as a perturbation for calculations in heavy
nuclei so as to ascertain the effects on the binding energy.
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2.5.

Binding energy of the nucleus

Binding energy per nucleon (Khanna 1968), increases for light nuclei; for 𝐴 less than
10 the values for 𝑓 are smaller and irregular. As 𝐴 increases 𝑓 stays at about 8.5 MeV,
from 𝐴 = 50 and 𝐴 = 150. For heavy nuclei the value of binding fraction 𝑓 falls to
about 7.5 MeV for Uranium 238. The small value of 𝑓 for light nuclei is due to the
surface effect, while the small value of 𝑓 for heavy nuclei is due to proton repulsive
forces. Heavy nuclei have a large number of protons 𝑍, thus there is a sufficient
coulomb repulsion. This weak force is strong enough to cause a reduction in binding
fraction which is proportional to 𝑍 1⁄3 .

The binding energy 𝐵 of the nucleus consisting of 𝑍 protons and 𝑁 = 𝐴 − 𝑍 neutrons
is defined implicitly in the atomic mass unit

𝑀(𝐴, 𝑍)𝑐 2 = [𝑍𝑚𝑝 + (𝐴 − 𝑍)𝑚𝑛 ]𝑐 2 − 𝐸𝑛𝑢𝑐𝑙𝑒𝑎𝑟 = ∆𝑚𝑐 2
(2.4)
Where ∆ is the mass excess or mass defect, 𝑀 is measured in atomic mass unit (𝑎𝑚𝑢).
Greater the stability of a nucleus implies greater binding energy per nucleon. The
binding energy for heavy mass nuclei grows as 𝐴 increases. The variation with respect
to 𝐴 suggests that the force is saturated and the effect of the interaction which is only
felt in neighborhood of the nucleon.
2.5.1.

Semi-Empirical Mass Formula based on Liquid drop model.

The mass of the nucleus is define as

𝑀(𝐴, 𝑍) = 𝑍𝑚𝑝 + (𝐴 − 𝑍)𝑚𝑛 −
(2.5)

𝐵(𝐴,𝑍)
𝑐2
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Calculation of nuclear binding energy begins with the nuclear many-body Hamiltonian.
The actual energy in the Bethe-Weizsacker mass formula is given as;

𝑀(𝑍, 𝑁)𝑐 2 = (𝑀𝑝 𝑍 + 𝑀𝑛 𝑁)𝑐 2 + 𝐸(𝑍, 𝑁)
(2.6)
Where, 𝑀(𝑍, 𝑁) is the mass of the nucleus made up of 𝑍 protons and 𝑁 neutrons and
𝐸(𝑍, 𝑁)is the binding energy of the nucleus. For a stable nucleus 𝐸 is negative and
hence binding energy is positive, the quantity of 𝐸 consists of five different components
2.5.2.

Volume Energy

Considering a nucleus made up of an equal number of protons and neutrons with no
coulomb interaction among its protons forms the basis of volume energy term. The
volume energy is a consequence of the nuclear many-body Hamiltonian containing only
the kinetic energy and nucleon-nucleon interactions.
𝐸𝑉 = −𝑎𝑣 𝐴

(2.7)

This provides attractive energy contribution to the total binding energy
2.5.3.

Asymmetry Energy

The asymmetry energy is a consequence of the difference between proton and neutron
number. In the absence of Coulomb interaction between protons, a nucleus may be
composed of equal numbers of protons and neutrons. To create the observed neutron
excess, nucleons are to be shifted from proton side to neutron side of the Fermi gases.
These neutrons can be added above Fermi level only and this means, energy has to be
added into the system. Nuclear binding is reduced by asymmetric energy. In
symmetrical nuclear system similarly the same energy is required to shift the nucleons
if proton excess is required.
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1

𝐸𝐴 = 4 𝑎𝑣 𝑥𝑣

2.5.4.

(𝑁−𝑍)2

(2.8)

𝐴

Surface Energy

The correction to the negative volume energy due to the surface effect is a term with a
positive sign and must be proportional to the surface area of the nucleus. The surface
energy depends on 𝐴 explicitly and proportional to 𝐴2⁄3 , thus

𝐸𝑠 = +𝑎𝑠 𝐴2⁄3
2.5.5.

(2.9)

Coulomb Energy

The Coulomb energy term is due to the Coulomb repulsion between

𝑍(𝑍−1)
2

pairs of

protons in the nucleus. For a spherical nucleus of radius 𝑅 with the charge spread
uniformly throughout the volume of the sphere.

3

1

𝐸𝐶 = − 5 [4𝜋𝑐

𝑜]

𝑍(𝑍−1)𝑐 2
𝑟𝑜 𝐴1⁄3

(2.10)

2.6. Pairing Energy
Nucleons (protons and neutrons) have a general tendency to form pairs (pp, nn and np
pairs) to create a stable nuclear system under the influence of short-range nucleonnucleon attractive interaction. The study of nucleon separation energy brings out the
role of the pairing energy in determining the binding energy of the nuclear systems
(Brown 2013), since the separation energy is defined as the energy required removing
a nucleon from a nucleus in the ground state leaving the residual nucleus also in the
ground sate. The separation energy 𝑆𝑝 for the protons is written in terms of the binding
energy of the involved nuclei, i.e.

𝑆𝑝 = 𝐵(𝑁, 𝑍 + 1)𝐵(𝑁, 𝑍 − 1, ).

13
(2.11)
And similarly the separation energy of the neutron 𝑠𝑛 is,
𝑆𝑛 = 𝐵(𝑁 + 1, 𝑍) + 𝐵(𝑁 − 1, 𝑍)
(2.12)

It is found that these separation energies are different for different nuclei, and their
magnitude is also different from the binding fraction 𝑓 which is binding energy per
nucleon. This is due to the fact that in general 𝑁 ≠ 𝑍(𝑁 > 𝑍) and that the number of
the protons and neutrons could be odd and even in different nuclei. This point to the
role played by odd-even, odd-odd, even-even and even-odd effects on the binding
energy of the nucleons. Since interactions (Changizi 2015), between the nucleons play
a predominant role in determining the binding energy of nucleons and nuclei, it is
important to understand the role played by the inter-nucleon force or potential in
determining nuclear properties.

However, to study the properties of finite nuclei and nuclear matter, other nuclear
models, namely, liquid drop model, Fermi Gas Model, Shell Model etc. were proposed.
But minimum information about the characteristics of nuclear particles could be
extracted from the semi-Empirical mass formula (liquid Drop Model) and Shell Model
only. Experimental study of the scattering of nuclear particles involves the study and
measurement of scattering length 𝑎 and the phase shift 𝛿𝑙 . Hence it is appropriate to
study how these parameters depend on each other, and this is the main purpose of the
theoretical study presented in this thesis.
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CHAPTER THREE
METHODOLOGY
3.1.

Introduction

When the particles approach each other particle, and they will be within a field of force
to one another which means interaction and scattering will occur in process three factors
and parameters play an important and significant role; the distance of nearest approach,
called scattering length 𝑎, Phase shift 𝛿 due to angular scattering and the interaction
potential 𝑉(𝑟) between the two particles

Working using large finite nuclei symmetric and asymmetric infinite nuclear matter and
neutron matter (in stars), another important tool get involved and this is called 1S0
pairing energy gap ∆. Hence there exist, a definite relationship of interaction
potential 𝑉(𝑟) , scattering length 𝑎 , Phase shift 𝛿 and the pairing energy gap ∆.

This is exactly what has been studied in this thesis by choosing Yukawa interaction
potential, the relation of phase shift and Yukawa interaction potential, the relation
between pairing energy gap ∆ and scattering length 𝑎 and the relation between phase
shifts 𝛿 with Fermi momentum 𝑘𝐹 has been done. The magnitude of the pairing energy
gap will be dependent on the strength of the nucleon-nucleon interaction. The s-wave
scattering and its length and the value of 𝛿 and 𝑘𝐹 . The relevant relations between the
pairing energy gap ∆, the phase shift 𝛿𝑙 , the interaction potential 𝑉(𝑟) and Fermi
momentum 𝑘𝐹 are derived and used in the calculations.

The nuclear pairing forces strongly determine the low energy nuclear-structure
properties. It is important to consider pairing effects in the calculation of nuclear
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masses,𝛽 strength functions, low lying quasi-particle spectrum that contains pairing
energy gap and other quantities that depend on the low-energy microscopic structure of
the nucleus. For obtaining realistic results, an appropriate choice of pairing model with
realistic inter-particle interaction potential V(r) and other likely parameters involved
has to be chosen. The other parameters are the distance of nearest approach or scattering
of length a, the possible phase shift 𝛿 on scattering, and pairing energy gap in quasiparticle energy spectrum along with the Fermi momentum 𝑘𝐹 all that has been
mentioned above, when put together constitutes, the pairing model and the pairing
parameters that can be used to study as to how one parameter varies with the other
parameter.
When two nucleons come together to form a bound pair they consume what is known
as pairing energy. Now if a nucleon is to shift to an energy state in the excitation
spectrum, or it has to occupy an excited energy state, the pair has to be broken, and to
do this the minimum energy required is the pairing energy. Thus in the energy spectrum
there is no state between the lowest state in which the pair lies before breaking, and the
excited state to which nucleon shift after breaking. This minimum energy between the
lowest state and excited state (Chadian and Sabatier, 1992) is known as the pairing
energy or pairing energy gap.

Since neutrons and protons are fermions, they are distributed among the energy levels
up to the top of Fermi surface. The position of Fermi surface or Fermi levels depends
on the number of neutrons and protons. Since in heavy nuclei number of neutrons 𝑁 >
𝑍 number of protons, the Fermi energy 𝐸𝐹𝑁 for neutrons is more than the Fermi energy
𝐸𝐹𝑍 for protons. For even-even nuclei, the nucleons will be in pairs and the pairing
energy or pairing energy gap will have a finite value. Since the pairs near the Fermi
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surface can take part in the process of excitation, the energy gap will depend on the
Fermi momentum 𝑘𝐹 . Thus if ∆ is the energy gap, then we can write it as ∆(𝑘𝐹 ).
Whereas in the case of odd mass number nuclei, there will be an unpaired nucleon near
the Fermi surface, the excitation energy spectrum will not have any energy gap since
no breaking of pair is involved, the unpaired nucleon can easily get excited.

In the case of symmetric nuclear matter, when the number of neutrons N= number of
protons Z, and the number of nucleons in the system is very large (𝑁 → ∞, 𝑉 → ∞, such
that the density 𝜌 =

𝑁
𝑉

=constant), the energy in excitation spectrum will have a finite

energy gap ∆(𝑘𝐹 ).
When two nucleons approaches each other, they scatter resulting in phase shift 𝛿, and
the phenomena of scattering depends in the distance of the nearest approach called
scattering length 𝑎, and the magnitude and the sign of the interaction potential 𝑉(𝑟).
Hence 𝛿, 𝑎 and 𝑉(𝑟) must have some definite correlation between them. It is this
correlation that has been studied in this thesis using Yukawa potential (Yukawa 1985)
as 𝑉(𝑟)

In the system of degenerate fermions, the Fermi surface is unstable due to the formation
of pairs (between the nucleons), and the pairs are formed due to the attractive interaction
between the interacting particles with spin and momenta in the opposite
+ +
direction(𝑎↑𝑘
𝑎↓(−𝑘) ). As a result of the instability, according to the BCS theory, there

is a collective reorganization of particles at energies near and around the Fermi surface
or Fermi energy, and this leads to the appearance of an energy gap in quasi-particle
spectrum of nucleons. Such reorganization manifest itself in the formation of what is
known as cooper pairs (Bardeen, Cooper & Schrieffer 1957).

17
3.2.

The Relation between nucleon-nucleon interactions and the pairing energy

gap
Different types of nuclear systems have varying compositions. Light stable nuclei have
practically equal numbers of neutrons (N) and protons (Z) except when we deal with
isotopes. As the nuclear mass number A increases neutron number (N) increases faster
than the proton number (Z) and in general in heavy nuclei N>Z. Then there is symmetric
nuclear matter in which the number of neutrons is assumed to be equal to the number
of protons; and the number of nuclear particles, neutrons and protons is assumed to be
infinitely large (𝐴 = 𝑍 + 𝑁 → ∞). Properties of asymmetric nuclear matter in
which 𝑁 ≠ 𝑍, and in general N>Z has also been studied. Recent astrophysical studies
have confirmed the existence of neutron stars which are composed of 90% or more
neutron matter.
It should now be clearly understood that the pairing interaction, rather pairing
interaction matrix element 𝐺 (interaction between a pair of nuclear particles) between
the two nuclear particles cannot be the same for different types of nuclear systems. In
finite nuclei the neutron-neutron (N-N) pairing interaction G, and proton-proton (p-p)
and neutron-proton pairing interactions will not be identical. The value of G will be
different in different nuclei since in finite nuclei 𝑁 ≠ 𝑍, and in general N>Z.

The energy excitation spectrum differs from nucleus to another nucleus and from one
nuclear system to other nuclear systems. The spectrum depends on the magnitude of
the pairing interaction G and since G is not the same for all nuclei. The excitation
spectrum is different for different nuclei. Since there exists energy gap ∆ (also called
pairing energy gap) in the spectrum the energy gap ∆ and the pairing interaction G must
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have some correlation, i.e. ∆, depends on G. For nuclei with N >Z, The isotopic spin 𝜏
plays an important role in determining the value of G, and since ∆ depend on G, it can
be summarized that ∆ will depend on the isotopic spin 𝜏. It is found that ∆ reduces with
finite isotopic spin 𝜏.

Similar concepts will be applicable when we deal with symmetric nuclear matter;
asymmetric nuclear matter or neutron matter ultimately ∆ has to depend on pair on pair
interaction or interaction potential between a pair of particles. Hence it would be
appropriate to study the dependence of ∆ on G or V(r), the interaction potential between
a pair of particles separated by a distance r.
Pairing energy gap equation is obtained by using two-body Hamiltonian Ĥ
Ĥ= Ĥ1+ Ĥ2
(3.1)
Where
Ĥ1 = ∑𝛼 𝜖𝛼 𝑎𝛼+ 𝑎𝛼
(3.2a)
Ĥ2 = ∑𝛼𝛽𝛾𝛿 𝑉𝛼𝛽𝛾𝛿 𝑎𝛼+ 𝑎𝛽+ 𝑎𝛿 𝑎𝛾
(3.2b)
Here 𝑎 is fermion annihilation operator and 𝑎+ fermion creation operator V is
uncoupled matrix elements of the two- body interaction. Ĥ1 ; is the kinetic energy of the
assembly of fermions, the sums stands for possible single- particle quantum numbers.

The Hamiltonian contains a pairing type inter-particle interaction as in the case of
1

Fermi-gas model with two fold degeneracy spin of a particle is 𝑆 = 2 , the degeneracy
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of the single- particle levels is 2𝑆 + 1 = 2 . When two particles have spin up (↑) and
1

1

down (↓), the net spin 𝑆 = 2 − 2 = 0 and continued with 𝑙 = 0 relative angular
momentum state (Chadian and Sabatier, 1992), 𝐽 = 0 = 𝑙 + 𝑆, and it is called singlet
1

S0 state; and interacting pair of particles will be in this state. For 𝑙 ≠ 0, the partial wave

states are due to Yukawa interaction potential V(r). The interaction is determined via
scattering length 𝑎 at low densities. This allows excited spectrum to be expressed as
expansion in terms of energy density. For the neutron-neutron scattering in the 1S0
channel, the scattering length 𝑎 in 1S0 channel is 𝑎 = −18.8 ± 0.3𝑓𝑚 (Dean & Jensen
2003).Thus for single-particle energies, the scattering length can be approximated
(which means particle interact in pairs known as pairing approximation) that will lead
to the following approximation for two body Hamiltonian Eq. (3.1) Thus we can write

1

+ +
𝐻 = ∑𝑖 𝜖𝑖 𝑎𝑖+ 𝑎𝑖 + 2 𝐺 ∑𝑖𝑗>0 𝑎𝑖↑
𝑎𝑖↓ 𝑎𝑗↓ 𝑎𝑗↑

(3.3)
Where indices i and j goes over the number of energy levels L. The arrows ↑ 𝑎𝑛𝑑 ↓
refer to the time- reversed state, strength of the pairing force is G, 2 in the denominator
is due to the fact that in pairing each particle is counted twice, so we must divide the
term by 2, and 𝜖𝑖 represents the single particle energy of the levels i. Using the
properties of infinite nuclear matter with identical particles,

𝑉

∞

∑𝑘 →
∫ 𝑑3 𝑘
(2𝜋)3 0
(3.4)

Rewriting Eq. (3.3) gives,
𝑑3 𝑘

𝑑3 𝑘

𝑑3 𝑘 ′

+
+
+
𝐻 = 𝑉 ∑𝜎=± ∫ (2𝜋)3 𝜖𝑘𝜎 𝑎𝑘𝜎
𝑎𝑘𝜎 + 𝐺𝑉 2 ∫ (2𝜋)3 ∫ (2𝜋)3 𝑎𝑘+
𝑎−𝑘−
𝑎−𝑘 ′ − 𝑎𝑘+
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(3.5)

The first terms in Eq. (3.5) represents the kinetic energy of the assembly of particles,
𝑘2

1

with 𝜖𝑘𝜎 = 2𝑚 , the label 𝜎 = ± 2 stands for the spin of the particles, and V is the
volume of the container containing the particles. The predicted value of the two body
interaction having constant interaction strength G that pair of particles is given in the
second term energy.
The energy gap Δ

(k)

in non-finite nuclear matter will obtained by using the BCS

equation for the energy gap equations, for a model (Blatt & Weiss 1982) and (Fetter
and Walecka 2003) in which (neutron-neutron of scattering in 1S0 channel -1S0 pairing),
finally it gives,

𝐺𝑉

∞

2

1 = 2(2𝜋)3 ∫0 𝑑𝑘 ′ 𝑘 ′

1

(3.6)

𝐸(𝑘 ′ )

Where, 𝐸(𝑘) is the quasi particle energy given by

2

1

2 2

𝐸(𝑘) = {[𝜖(𝑘) − 𝜖(𝑘𝐹) ] + [∆(𝑘) ] }
(3.7)

Where 𝜖(𝑘) is the single-particle energy of a neutron with momentum k, and 𝑘𝐹 is the
𝑘2

Fermi momentum, free single-particle energies such as 𝜖𝑘 = 2𝑚 (𝑚𝑁 = mass of the
𝑁

neutron) is used.
However, if there exists an effective single-particle potential 𝛿, then

𝑘2

𝜖𝑘 = 2𝑚 + 𝛿
𝑁

(3.8)
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Then an analyzed expression for pairing energy gap for low density limit (Etrin 2017)
is obtained after combination of Eq. (3.7) and the equation of scattering length a and its
correlation to interaction, to give equation,

−

𝑚𝑁 𝐺𝑉
4𝜋𝑎

𝐺𝑉

+ 1 = − 2(2𝜋)3 ∫ 𝑑 3 𝑘 ′

1
√[𝜖(𝑘) − 𝜖(𝑘 ) ]
𝐹

2

,

(3.9)
The integral on the right hand side of Eq. (3.9) is divergent at 𝜖(𝑘) = 𝜖(𝑘𝐹), However,
by subtracting Eq. (3.6) from Eq. (3.9) gives,
𝑀𝑁
4𝜋𝑎0

1

= − 2(2𝜋)3 ∫ 𝑑3 𝑘 [𝐸

1
(𝑘)

1

−

√[𝜖(𝑘) − 𝜖(𝑘 ) ]
𝐹

2

],

(3.10)

Eq. (3.9) is now not divergent and interaction strength G cancels on both the sides.
Using dimensional regularization techniques, the following analytic expression was
obtained.
1
𝑘(𝐹) 𝑎𝑛𝑛

1

(1 + 𝑥 2 )4 𝑃1 (−
2

1
√1+𝑥 2

)

Where 𝑥 =

∆(𝑘𝐹 )
𝜖(𝑘𝐹 )

(3.11)
And 𝑃1 (x) is the Legendre function for the given Fermi momentum 𝐾𝐹 thus will give
2

the pairing energy Δ equation, for smaller values of 𝑘𝐹 𝑎𝑛𝑛 in the form (Dean & Jensen
2003).
∆ = 𝑐𝜖𝐹 exp (2𝑘

𝜋
𝐹 𝑎𝑛𝑛

),

(3.12)
This is a consequence of comes about by the behavior of 𝑃1 (𝑥) which will have
2
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logarithmic singularities (Schiff.1968) at 𝑧 = −1. For larger values in 𝑘𝐹 𝑎𝑛𝑛 , the gap
is proportional to energy at Fermi surface 𝜖(𝑘𝐹) , approaching Δ≅1.6𝜖(𝑘𝐹 ) . Eq. (3.12)
allows us to get the value of the gap at Fermi surface ∆(𝑘𝐹 ) , knowing experimental
parameter, the scattering length 𝑎𝑛𝑛 , at low densities with λ as a constant, ∆(𝑘𝐹 ) can
be calculated.

Singlet scattering length Equation (Dean & Jensen 2003), is given by

𝜋

√2𝑚𝜖𝑐

𝑎𝑛𝑛 = 2𝑘 (
0𝐹

ћ𝑘0𝐹

2

𝜋

1

1

𝑒𝑥

𝑐𝑟

−1

+ 𝑓𝜀 ) ≡ 4𝑘 (𝑓𝜀 − 𝑓𝜀 )
0𝐹

𝑒𝑥

(3.14)

Where critical constant 𝑓𝑐𝑟𝜀 = −

2𝑘0𝐹
𝑘𝑜𝑐

𝜀
≅ −1.912 and 𝑓𝑒𝑥
is its value in the vacuum

(Cottingham Lacombe & Loiseau 1973).

The Pairing energy Gap equations (Chadian, K and P. C. Sabatier, 1992) used
i)

low density

∆ = 𝑐𝜖𝐹 exp (2𝑘

𝜋
𝐹 𝑎𝑛𝑛

)

𝐹𝑜𝑟 𝑎𝑛𝑛 < 0

(3.15)
Where 𝑐 = 8𝑒 −2, 𝑘 = 𝑘𝐹 and 𝜖𝐹 =

ii)

2 (𝜌)
ћ2 𝑘𝐹

2𝑚

At low density (Elpelbaum, Hammer & Meiner 2009)
1

∆ =

ћ2 2𝜋𝜌 2
( ) ,
𝑚 𝑎𝑛𝑛

(3.16)
Here: 𝑚 is the mass of free nucleon.

𝐹𝑜𝑟 𝑎𝑛𝑛 > 0
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3.3.

Nucleon-nucleon interaction Potentials

There are various potentials that can be used to obtain the values of energy gap due to
scattering. A number of nucleon potentials have been proposed from time to time
among these are;
1. Yukawa potential (Yukawa 1985)
r

𝛽 −β

𝑉(𝑟) = 𝑟 e

(3.17)

2. Hamada-Johnson Potential (Hamada and Johnston 1992)
⃗ . 𝑆 + 𝑉𝑙𝑙 (𝑟)𝐿12
𝑉 = 𝑉𝑐 (𝑟) + 𝑉𝑡 (𝑟)𝑆12 + 𝑉𝑙𝑠 (𝑟)𝐿

(3.18)

3. Yale-Group Potential (Gross, Cohen, Epelbaum & Machleidt 2011)
(2)
⃗ . 𝑆 + 𝑉𝑙𝑙 (𝑟)𝐿. 𝑆 + 𝑉𝑞𝑙 (𝑟)[𝑄12 −
𝑉 = 𝑉𝑂𝑃𝐸𝑃 + 𝑉𝑐 (𝑟) + 𝑉𝑡 (𝑟)𝑆12 + 𝑉𝑙𝑠 (𝑟)𝐿

⃗⃗ 𝑆)2(3.19)
(𝐿.
4. Ried68 Potential (Reid 1988)
⃗ .𝑆
𝑉 = 𝑉𝑐 (𝑟) + 𝑉𝑡 (𝑟)𝑆12 + 𝑉𝑙𝑠 (𝑟)𝐿

(3.20)

5. Paris-Group Potential (Lacombe, Loiseau & Richard 1973)
⃗ . 𝑆 + 𝑉𝑡 (𝑟)𝑆12 + 𝑉𝑞 (𝑟)𝑄12
𝑉(𝑟,
⃗⃗ 𝑝2 ) = 𝑉0 (𝑟, 𝑝2 )𝑆𝑆1 + 𝑉1 (𝑟, 𝑝2 )𝑆𝑆2 + 𝑉𝑙𝑠 (𝑟)𝐿
(3.21)
⃗⃗⃗⃗1 .𝜎
⃗⃗⃗⃗2
1−𝜎

𝑤ℎ𝑒𝑟𝑒 𝑆𝑆1 = (

4

⃗⃗⃗⃗2
3 + ⃗⃗⃗⃗
𝜎1 .𝜎

)And 𝑆𝑆2 = (

4

)

3.4. Relation to phase shifts using Yukawa interaction potentials
With the results obtained from Eq. (3.12), and the experimental values of the phase
shifts, the values of pairing energy gap ∆(𝑘𝐹 ) in pure neutron matter can be determine
for the nucleon-nucleon interaction. An important feature of 1S0 nucleon-nucleon
scattering is larger and negative scattering lengths 𝑎𝑛𝑛 , indicating presence of
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approximately bound state of zero scattering energy. The n-n T-matrix has a pole
(singularity) near the bound state (Brown 2013). Now at low energy we can write
𝑉 (𝑘, 𝑘 ′ ) = 𝜆𝑣(𝑘)𝑣(𝑘 ′ ),

where

λ

is

a

constant,

(3.22)
The relation between ∆(𝑘) and 𝑉(𝑘, 𝑘′) is given by the 1S0 wave in the uncoupled
channel and thus we can write (Lacombe, Loiseau & Richard 1973).
1

∞

∆(𝑘) = − 𝜋 ∫0 𝑑𝑘 ′ 𝑘 ′2

𝜆𝑣 2 (𝑘 ′ )
𝐸(𝑘 ′ )

(3.23)
Now combining Eq. (3.17) and Eq. (3.18), the energy gap equation can be written as
1

∞

1 = − 𝜋 ∫0 𝑑𝑘 ′ 𝑘 ′2

𝜆𝑣 2 (𝑘 ′ )
𝐸(𝑘 ′ )

(3.24)
Now since the integral in Eq. (3.19) depends weakly on the momentum, the integral on
the right-hand side of this equation depends very weakly on the momentum form of ∆
(k), we put Δ(𝑘) ≈ ∆𝐹 in 𝐸(𝑘) . Then Eq. (3.17) – Eq. (3.19) indicates that pairing
energy gap ∆(𝑘) is determined by the diagonal elements 𝜆𝑣 2 (𝑘) of the n-n interaction.
It is important to understand that in scattering theory two-particle potential can be
determined from the knowledge of the phase shifts at all energies, solving for rank-one
separable potentials (Chadian, and Sabatier 1992) gives,

𝜆𝑣 2 (𝑘) = −

2
𝑘 2 +𝑘𝐵
sin 𝛿(𝑘)

𝑘2

𝑘

𝑒 −𝛼(𝑘) ,

(3.25)
The bound state energy 𝐸𝐵 for an attractive potential is 𝐸 = −𝑘𝐵2 , but here 𝑘𝐵 = 0
However the phase shift 𝛿(𝑘) is a function of momentum 𝑘, while 𝛼(𝑘) is given by a
principal value integral:
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1

+∞

𝛿(𝑘 ′ )

𝛼(𝑘) = 𝜋 𝑃 ∫−∞ 𝑑𝑘 ′ 𝑘 ′ −𝑘 ,
(3.26)

Here, the phase shifts have both the negative and positive momenta dependence such
that,
𝛿(−𝑘) = −𝛿(𝑘)

(3.27)

The pairing energy gap

∆(𝑘) depend on 1S0 phase shifts. This validity has two

limitations. First is that, the separable is valid only at low energies, near the pole in the
T -matrix. Next we can see from Eq. (3.19) that we need knowledge of the phase shifts
𝛿(𝑘) at all energies. This in general is impossible since most phase shift studies stop at
laboratory energy 𝐸𝑙𝑎𝑏 = 350 𝑀𝑒𝑉.
The sign of phase shift 𝛿 changes sign from positive to negative for 1S0 pairing
at 𝐸𝑙𝑎𝑏 ≈ 248.5 𝑀𝑒𝑉. Since the integral in Eq. (3.18) is peaked near 𝑘𝐹 for low values
of 𝑘𝐹 , knowledge of 𝑣(𝑘) from any value 𝑘 to 𝑘𝐹 may be good enough for calculating
the value ∆(𝑘) , as the integrand in Eq. (3.17) is strongly peaked around 𝑘𝐹 , .

The 1S0 phase shift data given by Nijmegen has been used in the calculations. The value
of integral in Eq. (3.20) is obtained by knowing the value of 𝜆𝑣 2 (𝑘) from Eqs. (3.18)
and (3.19), the method used for calculation is described in (Brown and Jackson 1976).
The pairing energy gap ∆(𝑘) for different values of 𝑘𝐹 is obtained from Eq. (3.18), by
using the approximation ∆(𝑘) ≈ ∆(𝑘𝐹) .
Have shown that the analytic expression for 𝜆𝑣 2 (𝑘) is,

26

𝜆𝑣 2 (𝑘) = −

𝑘 2 +𝛽 2

1
2
√𝑘 2 +𝑟0 (𝑘 2 +𝛼2 )2
4

√𝑘 2 −𝛽22
2

(3.28)
With,𝑎2 = −

−2
𝑎𝑟0

, 𝛽0 ≈ −0.0498𝑓𝑚−1 and 𝛽2 ≈ 0.777 𝑓𝑚−1.

Using this approximation the phase shift are positive for all energies, since in Eq. (3.20)
shows that 𝜆𝑣 2 (𝑘) is attractive for all 𝑘.
The phase shift, 𝛿𝑙(𝑘) for scattering is related to the interaction potential 𝑉(𝑟) via the
Born approximation, such that,

𝛿𝑙 = −

2𝜇𝑘𝐹
ћ2

∞

∫0 𝑉(𝑟) 𝑗𝑙2 (𝑘𝐹 𝑟)𝑟 2 𝑑𝑟

(3.29)
The form of the Bessel function in form 𝑗𝑙 (𝑘𝐹 𝑟) in Eq. (3.24) for 𝑙 = 0 is
(𝑘 𝑟)

2
𝑗0(𝑘
= sin2 ((𝑘 𝐹𝑟)2 )
𝐹 𝑟)
𝐹

,

and

in

the

ground

state

𝑘𝐹 𝑟 < 1

(3.30)
In the ground state ℓ = 0 and thus Eq. (3.24) can be written as,

𝛿ℓ (𝑘𝐹 ) = −

2𝑢𝑘𝐹
ℏ2

∞

∫0 𝑉(𝑟)𝑗02 (𝑘𝐹 𝑟)𝑟 2 𝑑𝑟

(3.31)
Here 𝑗0 (𝑘𝐹 𝑟) was the spherical Bessel function in the order of zero for ℓ = 0 that is,

𝑗02 (𝑘𝐹 𝑟) =

𝑠𝑖𝑛2 (𝑘𝐹 𝑟)
(𝑘𝐹 𝑟)2

(3.32)

Choosing the value of 𝑘𝐹 as 0.1fm-1, 0.2fm-1, 0.3fm-1… such that 𝑘𝐹 𝑟 < 1 and hence
sin2 (𝑘𝐹 𝑟) ≅ (𝑘𝐹 𝑟)2 therefore Eq. (3.27) reduces to
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𝑗02 (𝑘𝐹 𝑟) = 1

(3.33)

𝛽

Substituting the value of Yukawa potential, 𝑉(𝑟) = 𝑉0 𝑟 exp

−

r
β

and that of 𝑗02 (𝑘𝐹 𝑟) from

Eq. (3.17) in Eq. (3.31) we get

2𝜇𝑘𝐹 𝑉0

𝛿0 (𝑘𝐹 ) =

ℏ2

∞𝛽

∫0

𝑒
𝑟

−

r
β

𝑟 2 𝑑𝑟

(3.34)

Integrating Eq. (3.34) by parts we get,

𝛿0 (𝑘𝐹 ) =

2𝜇𝑘𝐹 𝑉0 ∞ −βr
∫ 𝑟 𝑒 𝑑𝑟
ℏ2
0

∞
2𝜇𝑘𝐹 𝑉0
1 −βr ∞
1 −βr
=
[𝑟
(−
)
𝑒
]
−
∫
𝑒 𝑑𝑟
ℏ2
𝛽
0 𝛽
0

2𝜇𝑘𝐹 𝑉0 1 ∞ 1 −βr
=
+ ∫
𝑒 𝑑𝑟
ℏ2
𝛽 0 𝛽
2𝜇𝑘𝐹 𝑉0 −1 −𝛽𝑟 ∞
=
[ 2𝑒 ]
ℏ2
𝛽
0

=

=

2𝜇𝑘𝐹 𝑉0 1
× 2
ℏ2
𝛽
2𝜇𝑘𝐹 𝑉0
ℏ2 𝛽 2

𝛿0 (𝑘𝐹 ) =

𝜇𝑘𝐹 𝑉0
ℏ2 𝛽 2

(3.35)

The well-depth parameters 𝑆 for Yukawa potential is

𝑆 = 0.173

𝑀𝑉0
ℏ2 𝛽 2

(3.36)

Here M is the mass of the two nucleons interacting, 𝑆 ≅ 1 at bound state of the nuclear
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matter, 𝑉0 is given as,

𝑉0 = 5.784

ℏ2 𝛽 2

(3.37)

𝑀

Imputing Eq. (3.37) in Eq. (3.35) will give,

𝛿0 (𝑘𝐹 ) = 2.7834

𝜇𝑘𝐹

(3.38)

𝑀

In 1S0 ground state, the reduced mass 𝜇
𝑚𝑝 .𝑚𝑛

𝜇=𝑚

(3.39)

𝑝 +𝑚𝑛

𝑚𝑝 , is the mass of proton equivalent to 938.26 𝑀𝑒𝑣, and 𝑚𝑛 the neutron mass
equivalent to 939.56 𝑀𝑒𝑣.
Substituting the values for the masse in Eq. (3.39) the mass reduced 𝜇 = 469.47 𝑀𝑒𝑣.
The average mass 𝑀 for the proton and neutron can be given as the equation,

𝑀=

𝑚𝑝 +𝑚𝑛

(3.40)

2

Putting the value of 𝑆 the mass 𝑀 and 𝜇 Eq. (3.38) we get,
𝛿0 (𝑘𝐹 ) = 1.1462𝑘𝐹
For

different

(3.41)

value

of

𝑘𝐹 ranging

between 0.0 𝑓𝑚−1, 0.2𝑓𝑚−1 , 0.3𝑓𝑚−1..….1.6𝑓𝑚−1, variation of phase shift 𝛿0 (𝑘𝐹 ),
with the Fermi momentum 𝑘𝐹 were plotted.
The pairing energy gap (Dean & Jensen 2003) for small values of 𝑘𝐹 |𝑎𝑛𝑛 | is
8

∆(𝑘𝐹 ) = 𝑒 2 𝜆
(3.42)

𝑒𝑥𝑝 (2𝑘

−𝜋
)
𝐹 |𝑎𝑛𝑛 |
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Where 𝑎0 is the scattering length for 1S0 the channel, (𝑎0 = −19.3 𝑓𝑚), 𝜆 is a constant
≈ 1,at 𝑘𝐹 = 1.36 𝑓𝑚−1 , saturation density 𝜌0 = 0.17 𝑓𝑚−3
Eq. (3.41) gives Fermi momentum
𝛿 (𝑘 )

0 𝐹
𝑘𝐹 = ( 1.1462
)

(3.43)
In the 1S0 channel we assume that the scattering length 𝑎0 = −19.3𝑓𝑚, 𝑒 = 2.718 and
𝜆 ≈ 1 then the value of the pairing energy gap, ∆(𝑘𝐹 ) can be written using Eq. (3.42)
by substituting the above values, we get
8

∆(𝑘𝐹 ) = 2.7182 . 𝑒𝑥𝑝 (2×𝑘

−𝜋

)

𝐹 ×−19.3

−0.08122

∆(𝑘𝐹 ) = 1.0827 𝑒𝑥𝑝 (

𝑘𝐹

)

(3.44)
Using Eq. (3.43) we substitute the value of 𝑘𝐹 in Eq. (3.44), which gives
−0.0930
)
0 (𝑘𝐹 )

∆(𝑘𝐹 ) = 1.0827 𝑒𝑥𝑝 ( 𝛿
(3.45)

Working with derived equations and available values of the constants, data can be
generated and tabulated. Graphs have been drawn to show how phase shifts 𝛿𝑙 (𝑘𝐹 ) ,
changes with the Fermi momentum 𝑘𝐹 . Yukawa potential was substituted to the Bornapproximation phase shifts,𝛿0 (𝑘𝐹 ) for scattering from a spherical potential 𝑉(𝑟), and
to find the values of phase shifts.
The pairing energy gap is calculated from Eq. (3.43) in the same manner other
potentials can be used to calculate for instance the potential proposed by (Hassan and
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Ramadan, 1978) can be used to calculate how phase shift 𝛿ℓ (𝑘𝐹 )and pairing of energy
gap ∆(𝑘𝐹 ) changes with Fermi momentum 𝑘𝐹 .in the limit 𝑙 = 0 , the phase shift
𝛿ℓ (𝑘𝐹 ) and its variation with Fermi momentum 𝑘𝐹 can be calculated.
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CHAPTER FOUR
RESULTS AND DISCUSSION
4.1. Introduction
In this chapter theoretical derivations in chapter three were used in calculations and
results were obtained and represented on tables and graphs. Discussions of the results
are done after each graph and the tables of data are presented in the appendix.
4.2. Results of pairing energy gap and Fermi momentum for 𝐚𝐧𝐧 < 𝟎
The relationship between the scattering length 𝑎𝑛𝑛 and the pairing gap ∆, is given by
Eq. (3.14).The constant values in Eq. (3.14) are given in Appendix I, and these values
were used to generate data in Eq. (3.15) for the correlation between 𝑎𝑛𝑛 and ∆.. The
data obtained are presented in Table A1 in appendix V.
Figure 4.1 presents graphical results of the correlation of 𝑎𝑛𝑛 and ∆ with Fermi
momentum are represented
Solutions from (Eq. 3.14) in (Appendix I) were substituted in Eq. (3.15) to obtain the
results for the pairing energy gap. Calculations have been done and values are
presented in Table A4.
The results in Table A2 show that the scattering length is negative at 𝑘𝐹 = 0.2 𝑓𝑚−1
to 𝑘𝐹 = 1.8 𝑓𝑚−1 , which means the force is attractive (Changizi 2015) and repulsive
for 𝑘𝐹 > 2.0 𝑓𝑚−1 . At 𝑘𝐹 = 1.4 𝑓𝑚−1 it corresponds to 𝑎𝑛𝑛 = −16.8607 𝑓𝑚.
These results have been used show the variation of the paring energy gap ∆ with Fermi
momentum 𝑘𝐹 (Dean & Jensen 2003)
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Figure 4.1: Variation of the pairing energy gap against Fermi momentum for
scattering of length for 𝐚𝐧𝐧 < 𝟎
The results obtained in Figure 4.1, shows that pairing energy gap energy increases
gradually with Fermi momentum. At

𝑘𝐹 = 0.2𝑓𝑚−1 pairing energy gap ∆ =

5.6𝑥10−73 𝑀𝑒𝑉 which means it is almost zero, this means the pairing energy is small
as 𝑘𝐹 → 0 and it increases exponentially at 𝑘𝐹 > 0.4 𝑓𝑚−1
4.3. Results of pairing energy gap and Fermi momentum for 𝐚𝐧𝐧 > 𝟎
The calculations in Table A3 shows that, the pairing energy gap gives negative value.
At 𝑘𝐹 = 0.2 𝑓𝑚−1 which corresponds to pairing energy gap ∆ = −5.1𝑥10−41 𝑀𝑒𝑣
but on reaching 𝑘𝐹 = 2.0 𝑓𝑚−1 energy gap gives a positive value of ∆ >
+3.06𝑥10−43 𝑀𝑒𝑣 this means an increases in pairing energy gap. At 𝑘𝐹 = 1.4 𝑓𝑚−1
which corresponds to the scattering length 𝑎𝑛𝑛 = −16.8607𝑓𝑚.
Figure 4.2 shows the variation of pairing energy gap with Fermi momentum for
scattering length ann > 0. This graph shows that ∆ varies exponentially with Fermi
momentum, between 𝑘𝐹 = 0.6 𝑓𝑚−1 to about 1.0 𝑓𝑚−1 and then it is almost constant
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for 𝑘𝐹 < 0.6 𝑓𝑚−1 , ∆ approaches zero at 𝑘𝐹 = 1.0 𝑓𝑚−1.
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Figure 4.2: Variation of pairing energy gap with Fermi momentum for scattering
length 𝐚𝐧𝐧 > 𝟎.
4.4. Calculations on pairing Energy gap and Fermi momentum using Yukawa

potential
Eq. (3.44) have been used to calculate the values for pairing using Yukawa interaction
potential to investigate its effects on the pairing energy gap. These effects also has
influence on phase shift which means the will be some difference from results obtained
compare to Eq. (3.15) and Eq. (3.16)
The results in Table A4 gives positive values for pairing energy gap. At 𝑘𝐹 = 1.4 𝑓𝑚−1
pairing energy gap ∆ = +0.9473 𝑀𝑒𝑉 (Gezerlis, et. al., 2014). This corresponds to the
repulsive effect on the interactions of the paired nucleons. Fig. 4.3 shows the variation
of pairing energy gap ∆ with Fermi momentum, 𝑘𝐹 . This results shows that the pairing
energy varies exponentially with the Fermi momentum. The value of ∆ increases
gradually with 𝑘𝐹 , and for 𝑘𝐹 = 1.0 𝑓𝑚−1 , it has an approximate value of 0.89 MeV
(Dortmans and Amos 2001)
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Figure 4.3: Variation of pairing Energy gap with Fermi momentum
4.5. Relation between the Phase shift and Fermi momentum using
Using Eq. (3.41), and 𝛿0 (𝑘𝐹 ) = 1.1462𝑘𝐹 to calculate the values of phase shift, 𝛿0 (𝑘𝐹 )
for the values of 𝑘𝐹 ranging between 0.0 − 1.6𝑓𝑚−1 … … are calculated and a graph of
phase shift 𝛿0 (𝑘𝐹 ), against Fermi momentum 𝑘𝐹 have been plotted (Gezerlis, et. al.,
2014). Results in Table A.4 shows that values of Fermi momentum is directly
proportional to the phase shift using Yukawa interaction potential. Fig. 4.4 shows that
the phase shift 𝛿𝑙 increases linearly as Fermi momentum 𝑘𝐹 increases, and it is zero in
the ground state, since 𝑘 → 0.
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CHAPTER FIVE
CONCLUSIONS AND RECOMMENDATIONS
5.1.

Conclusions

This research concentrated on for major objectives which have been achieved through
calculations and representation of results obtained. Microsoft excel have been used to
solve equations and to plot graphs. Correlation between nucleon-nucleon interactions
and pairing energy gap have been established using scattering length equation. Yukawa
interaction potential has significant influence on the Phase shift which corresponds to
the Fermi momentum.
The relation between scattering length and pairing energy gap was establish in Eq.
(3.42) and solutions calculated and presented in Table A2. Numerical values of pairing
energy gap have been obtained in Table A2, which gives pairing energy gap ∆ =
1.69𝑀𝑒𝑉 at 𝑘𝐹 = 0.6 𝑓𝑚−1 while that of CD-Bonn and Nijmegen At 𝑘𝐹 = 0.6 𝑓𝑚−1
is ∆ = 2.08𝑀𝑒𝑉.

At

𝑘𝐹 = 1.4 𝑓𝑚−1

which

corresponds

to

the

scattering

length 𝑎𝑛𝑛 = −16.8607𝑓𝑚, approximately the same as that of (Dean & Jensen
2003), with scattering length of 𝑎𝑛𝑛 = −18.03 𝑓𝑚 at 𝑘𝐹 = 1.5 𝑓𝑚−1 .
In Both Eq (3.15) and Eq (3.14) it gives a negative scattering length which means the
force is attractive. Pairing energy gap is different with Eq. (3.15) and Eq. (3.44) having
positive values while Eq. (3.16) negative pairing energy gap values. Positive values of
pairing energy gap means nucleons were paired together while negative means there
was breaking of the nucleon pairs. Correlation between pairing energy gap and Fermi
momentum using Yukawa potential have been established in Eq. (3.44).
The relation between pairing gap equation and Phase shift have been determine in Eq.
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(3.45) using Yukawa interaction potential. The results shows that Phase shift is directly
dependent on Fermi momentum.
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5.2. Recommendations
In future the problem can be done to investigate, if there is direct relation between phase
shift and pairing energy gap. Elementary particles can also be used, although it requires
complex and complicated techniques which will need the use of many-body techniques
including Greens functions will be done. Current discoveries on elementary particles
leads to the suggestions of various types of nuclear interactions with many parameters
involved. Elementary particles in the nucleus are neutrons and protons. But using the
theory of the Quantum Chromo-Dynamics (QCD), neutrons and protons are not the
only elementary particles. There are nuclear forces among the neutrons which are;
neutron- neutron force, proton-proton force and neutron-proton forces which are treated
as charge independent particles. Within the Theory of QCD, there is charge symmetry
breaking (CSB) and consequently there will be n-n-scattering length, the p-p-scattering
length and n-p scattering length changes. Since they scatter there must be a
corresponding phase shift changes of 𝑎𝑛𝑛 , 𝑎𝑝𝑝 𝑎𝑛𝑑 𝑎𝑛𝑝 , and these will give different
relationships of the nuclear force.
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APPENDICES
Appendix I
Table A1: Coupling strength and density gradient term using Lead isotopes
𝜀
𝑓ex

ℎ𝜀

𝑓∇𝜀

−0.56

0

0

−1.20

0.56

2.4

−1.60

1.10

2.0

−1.79

1.36

2.0

−2.00

1.62

2.0

−2.40

2.16

2.0

Table A2: Calculation of scattering length and pairing energy gap using Eq.
(3.15)
kf
-0.5
-1.1
-1.3
-1.4
-1.5
-1.6
-1.7
-1.8
-1.9
-2
-2.1

0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
2
2.2

3.142
3.142
3.142
3.142
3.142
3.142
3.142
3.142
3.142
3.142
3.142

-1.912
-1.912
-1.912
-1.912
-1.912
-1.912
-1.912
-1.912
-1.912
-1.912
-1.912

-0.10637
-0.81382
-1.91416
-3.28535
-5.468
-9.24231
-16.8607
-38.6197
-428.035
68.26709
36.9078

c
1.083
1.083
1.083
1.083
1.083
1.083
1.083
1.083
1.083
1.083
1.083

36.57
36.57
36.57
36.57
36.57
36.57
36.57
36.57
36.57
36.57
36.57

5.6E-73
0.000591
1.697753
10.00057
20.43832
28.58276
33.97814
37.35332
39.4198
40.66864
41.40963
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Table A3: Calculations of pairing energy gap and Fermi momentum for using Eq.
(3.16)

k
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
2
2.2

3.142
3.142
3.142
3.142
3.142
3.142
3.142
3.142
3.142
3.142
3.142

-1.912
-1.912
-1.912
-1.912
-1.912
-1.912
-1.912
-1.912
-1.912
-1.912
-1.912

-0.40691
-1.0125
-1.91416
-3.28535
-5.468
-9.24231
-16.8607
-38.6197
-428.035
68.26709
75.0938

ћ^2
1.11E-68
1.11E-68
1.11E-68
1.11E-68
1.11E-68
1.11E-68
1.11E-68
1.11E-68
1.11E-68
1.11E-68
1.11E-68

m
1.67E-27
1.67E-27
1.67E-27
1.67E-27
1.67E-27
1.67E-27
1.67E-27
1.67E-27
1.67E-27
1.67E-27
1.67E-27

2ρ
0.1582
0.1582
0.1582
0.1582
0.1582
0.1582
0.1582
0.1582
0.1582
0.1582
0.1582

-5.1E-41
-2.1E-41
-1.1E-41
-6.4E-42
-3.8E-42
-2.3E-42
-1.2E-42
-5.4E-43
-4.9E-44
3.06E-43
2.78E-43

Table A4: Relation between Pairing energy gap and Fermi momentum using
Yukawa in Eq. (3.44)
k
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
1.1
1.2
1.3
1.4
1.5
1.6
1.8
2
2.2

8/e^2
1.0827
1.0827
1.0827
1.0827
1.0827
1.0827
1.0827
1.0827
1.0827
1.0827
1.0827
1.0827
1.0827
1.0827
1.0827
1.0827
1.0827
1.0827
1.0827

∆
0.166843
0.425019
0.580463
0.678357
0.744849
0.79276
0.828857
0.857005
0.879556
0.898024
0.913423
0.926456
0.937629
0.947314
0.955788
0.963265
0.975856
0.986048
0.994466
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Table A5: results for Phase shift and Fermi momentum using Yukawa potential
in Eq. (3.41)

k (f/m)
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
1.1
1.2
1.3
1.4
1.5
1.6

phase shift (°)
0
0.11461
0.22922
0.34383
0.45844
0.57305
0.68766
0.80227
0.91688
1.03149
1.1461
1.26071
1.37532
1.48993
1.60454
1.71915
1.83376

45
Table A6: Constant Values and Symbols

Quantity

Symbol

Value

Speed of light in vacuum

𝑐

2.99792458 × 108 m/s

Gravitational constant

𝐺

6.67259 𝑥 10−11 𝑚3
/(𝑘𝑔𝑠 2 )

Electron

1.60217733 × 10−19C

charge, 𝑒, 𝑒𝑜

elementary charge
Permittivity constant of

∈𝑜 = (𝜇𝑜 𝑐 2 )−1

8.854187817 × 10−12 𝐹

free space or Electric

/𝑚

constant
Permeability of free space 𝜇𝑜

12.566370614
× 10−7 𝑁/𝐴2

or magnetic constant
Planck’s constant

6.6260755 × 10−34 𝐽. 𝑠

ℎ

in eV s

4.135 66743
× 10−15 𝑒𝑉. 𝑠

Planck’s constant

ћ=

in eV s

ℎ
2𝜋

Avogadro’s number

𝑁𝐴

Faraday constant

𝐹 = 𝑁𝐴 𝑒𝑜

Electron mass

𝑚𝑒

1.05457266 × 10−34 𝐽. 𝑠
6.58211915 × 10−16 𝑒𝑉. 𝑠
6.0221367 × 1023 𝑚𝑜𝑙 −1
9.6485309 × 104 𝐶/𝑚𝑜𝑙
9.1093897 × 10−31

in atomic mass unit

5.4857990945 × 10−4 𝑢

energy equivalent

0.51099906 𝑀𝑒𝑉

Rydberg constant

𝑅∞ = (2ℎ)−1 𝑚𝑒 𝑐 ∝2

1.0973731534 × 107 𝑚−1

Fine-structure constant

∝= 𝑒𝑜2 (2𝑒𝑜 ℎ𝑐)−1

7.29735308 × 10−3

∝−1

137.0359895

1⁄4𝜋𝑒𝑜

8.99 × 109 𝑁. 𝑚2 /𝐶 2

Electron radius

𝑟𝑒 = ℏ(𝑚𝑒 𝑐)−1 ∝

2.81794092 × 10−15 𝑚

𝑒 − Compton wavelength

𝜆𝐶 = ℎ(𝑚𝑒 𝑐)−1

2.42631058 × 10−12 𝑚

Bohr radius

𝑎𝑜 = 𝑟𝑒 ∝−2

5.29177249 × 10−11 𝑚

atomic mass unit

𝑢 = 1⁄12 𝑚(12 𝐶)

1.6605402 × 10−27 𝑘𝑔

proton mass

𝑚𝑝

1.6726231 × 10−27 𝑘𝑔
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in atomic mass unit

1.00727646688 𝑢

energy equivalent

938.27231 𝑀𝑒𝑉

neutron mass

1.6749286 × 10−27 𝑘𝑔

𝑚𝑛

in atomic mass unit

1: 00866491560 𝑢

energy equivalent

939.56563 𝑀𝑒𝑉

magnetic flux quantum

ф𝑜 = ℎ(2𝑒𝑜 )−1

2.06783461 × 10−15 𝑊𝑏

specific electron charge

−𝑒𝑜 𝑚𝑒 −1

−1.75881962
× 1011 𝐶
/𝑘𝑔

magnetic

moment

9.2847701 × 10−24 𝐽/𝑇

of 𝜇𝑒

electron
Bohr magneto

𝜇𝐵 = 𝑒𝑜 ℏ(2𝑚𝑒 ) − 1

nuclear magneto

𝜇𝑁 = 𝑒𝑜 ℏ(2𝑚𝑝 )

magnetic moment of

𝜇𝑝

−1

𝑚𝑑

energy equivalent
magnetic moment of

5.0507866 × 10−27 𝐽/𝑇
2.792847351 𝜇𝑁
1.41060761 × 10−26 𝐽/𝑇

proton
deuteron mass

9.2740154 × 10−24 𝐽/𝑇

2.01355321270 𝑢
1875.61282 𝑀𝑒𝑉

𝜇𝑛

neutron

−1.91304273 𝜇𝑁
−0.96623645
× 10−26 𝐽/𝑇

magnetic moment of

𝜇𝑑

0.433073482 × 10−26 𝐽/𝑇

deuteron
gyromagnetic ratio

0.8574382329 𝜇𝑁

𝛾𝑝

2.67522128 × 108 𝑟𝑎𝑑
/𝑠𝑇

quantum Hall resistance

𝑅𝐻

25812.8056 𝛺

universal gas constant

𝑅

8.314510 𝐽/(𝑚𝑜𝑙 𝐾)

Boltzmann constant

𝑘, 𝑘𝐵 = 𝑅𝑁𝐴 −1

1.380658 × 10−23 𝐽/𝐾

Stefan-Boltzmann

𝜎

5.67051 × 10−8 𝑊/𝑚2 𝐾 4

constant

= 𝜋 2 𝑘𝑏 4 (60ℏ3 𝑐 2 )−1

Wien’s constant

𝑏 = 𝜆𝑚𝑎𝑥 𝑇

2.897756 × 10−3 𝑚 . 𝐾
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Appendix II : Similarity Report

