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Many properties of Elementary operators, including spectrum, numerical ranges, compactness, rank,
and norm have been studied in depth and some results have been obtained. However, little has been

done in determining the norm of finite length elementary operator in tensor product of C*-algebras.
The norm of basic elementary operator in tensor product of C*-algebras have been determined and
results obtained. This paper determines the norm of finite length elementary operator in a tensor
product of C*-algebras. More precisely, the bounds of the norm of finite length elementary operator
in a tensor product of C*-algebras are investigated. The paper employs the techniques of tensor
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products and finite rank operators to express the norm of an elementary operator in terms of its
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l. INTRODUCTION

Let H @ K be tensor product of complex Hilbert spaces H
and ¥, and (H & K} be the set of bounded linear
operators on H @& K . Let A @& E.C @& D being fixed
elements of E(H & K, where 4.0 £ E(H], the set of
bounded linear operators on i and E.0' £ E(K), the set of

bounded linear operators on K. Then we have the following
definitions:-

An elementary operator, 1n * 5(H @ K} = B(H @ K)

, is defined as;

T,X@V)=XL 4 @5EX@Y);® 0,.,vi@ I

Y e B(H®EK

When n = 1 we obtain the basic elementary operator,
Mygw : B(H @ K) = BE(H @ K), defined as;

My X @Y) "ARBYX@YIC®DVIE@YEe
B(H @ K).

When n = 2 then we obtain an elementary operator of length
two which is defined by;

LEX@YV)I=A4 @B X @VvI,®D, +4.®

B.(Xx ® Y)C; ® D.,

vX® Y eBHQ K).

The Jordan elementary operator, Uy zx: B(H ®K) — B(H
®K), is defined as;

Uigx X @FV)=AQ@BX @YIC @D +
CREDIPX@YVIARBEVXR@YeBH®K

This paper discusses the norm of elementary operator. In
section Il it reviews the norm of elementary operator in
general C*-algebra and in section Il it looks at the norm of
elementary operator in tensor product of C*-algebras before
embarking on the main result on the norm of finite length
elementary operator in tensor product of C*-algebras in
section V.

Norm of elementary operator in general C*-algebra
Previous studies have shown the determination of norm of
elementary operator in C*-algebras, JB*-algebra, standard
operator algebra, cartan factor, prime C*-algebra, two-
dimensional complex Hilbert space and tensor product.
Different researchers have been attracted to the study of the
norm of elementary operator in C*-algebra due to the wide
range of applications of C*-algebras. Timoney (2001)
determined the norm of basic elementary operator in C*-
algebra and obtained the following result;

Theorem 2.1 :( Timoney, 2001)

3991 |

Peter Guchu Muiruri?, IJMCR Volume 12 Issue 01 January 2024


https://doi.org/10.47191/ijmcr/v12i1.09

“On The Norm of Finite Length Elementary Operator in Tensor Product of C*-Algebras”

Let i be C*-algebra, then
| My z | = supfll My z(N I: U e UB)Y = suplll AUE ||
U e U}

TTi

where U{#) denotes the set of unitaries in .

Timoney (2001) created the basis for determining the upper
bound of the norm of finite length elementary operator in
tensor product of C*-algebra.

Okelo and Agure (2011) used the finite rank operators to
determine the norm of the basic elementary operator in C*-
algebra and proved Lemma 2.2 below.

Lemma 2.2: (Okelo and Agure, 2011).

Let H be a Hilbert space, B(H) the algebra of bounded linear
operators on H. If M,z : E(H) — E(H) is defined by
Myz(X) = AXB.v X £ B(H) where 4 and E are fixed in
E(H) then I Myz(X)yI=0TAIIEN with 1XlI=1
where X(x} = x,% unit vectorsx £ H,

King’ang’i et al. (2014) extended the work of Okelo and
Agure (2011) and determined the norm of elementary
operator of length two for finite-dimensional separable
Hilbert space W & E(H)jwith I W ll= 1and Wix) = x

for all unit vectors x £ H and proved theorem 2.3;

Theorem 2.3: (King’ang’i et al., 2014).

Let i be a complex Hilbert space and E{ I} be algebra of all
bounded linear operators on H. Let E; be the elementary
operator on E{f). If for an operator W £ E(H) with
| W =1, we have W{x) = x with all unit vectors
x € H then Il E; Il = X%, Il A Il B; I.

King’ang’i (2017) employed the concept of the maximal
numerical range of A*B relative to S to determine the lower
bound of the norm of an elementary operator of length two
and solved theorem 2.4 ;

Theorem 2.4: (King’ang’i, 2017).
Let E; be an elementary operator of length two on E(H.
Then

I E- | i 51]!5_'.:“-5 :_H-E_I I | Bd_ I._Jl: T .._-..l- |.

B, I -
King’ang’i (2017) also determined the conditions under
which the norm of an elementary operator of length two is
expressible in terms of the norms of its coefficients
operators by proving Corollary 2.5;

Corollary 2.5: (King’ang’i, 2017).
Let 5 be a complex Hilbert space and 4;.E; be bounded

linear  operators on H for = LZ Let
0 € W, (BfB;) U Wy (BB, Then
| E; =0 Ay I Ey 1, where E; is the elementary operator

of length two.

Theorem 2.6: (King’ang’i, 2017).

Let H be a complex Hilbert space and #;. E; be bounded
linear operators on H for i = 1, 2. Let E; be an elementary
operator of length two. If Il 4; Il A; e W, (4;47) and
| B, I By Il € Wy, (BJE;) then

| Ex 0= Zi_, Il A; 1N B; I

Kawira et al. (2018) extended the work of King’ang’i et al.
(2014) to finite length and determined the norm of an
elementary operator of an arbitrary length in a C*-algebra

using finite rank operators and proved theorem 2.7;

Theorem 2.7: ( Kawira et al., 2018).
Let H be complex Hilbert spaces and E{H) be the algebra of

bounded linear operators on H. Let E, be elementary

operator on E(H)LIf wX € E(H) with I X = 1, we have
Xify=f for all wunit vector f € H then
|E, I=2, 1 4; Il B; I,n € N,

Kawira et al. (2018) is very important for the methodology
of determining the norm of finite length elementary operator
in tensor product of C*-algebras.

Norm of elementary operator in tensor product of C*-
algebras

Muiruri et al. (2018) determined the norm of basic
elementary operator in a tensor product of C*-algebras using
the finite rank operator and properties of tensor product and
proved the following theorem 3.1;

Theorem 3.1: (Muiruri et al., 2018).

Let /¥ and K be complex Hilbert spaces and E(H & K} be
the set of bounded linear operators on H @& K. Then

X @Y e B(H @ K)with Il X @Y =1 we have
| Mygscmp I =1AUNIENNCUID N, where A, C and B, D
are fixed elements in E{H’) and E{ K} respectively.

As a consequence of the above Muiruri et al. (2018) related
the norm of basic elementary operator in tensor product and
the usual norm in this elementary operator in C*-algebra and
arrived at the corollary 3.2 below;

Corollary 3.2: (Muiruri et al., 2018).

Let /¥ and K be complex Hilbert spaces and E(H & K} be
the set of bounded linear operators on H# & K . Then

Then

v @Y e B(H &@EK)with lX &V =1, we have
| Mygscmn | = 1My o Ul Mz 5 Il |, where My - and M;z 5
are basic elementary operators in E{H} and E(K)
respectively.

Then Daniel et al. (2022) used the stampli’s maximal
numerical range to determine the norm of basic elementary
operator in a tensor product and they obtained the following
theorem 3.3;

Theorem 3.3: (Daniel et al., 2022).
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Let H and K be Hilbert spaces and let M;zz -z be basic
elementary operator on E(H & K the set of complex
Hilbert space H @ K.If vU @& V € BE(H & K) with
U@V 1= 1, A,C € B(H),B.D € B(K)
{ e WL(C)LE e Wo(D) then we have
| Mygs.cen\B(H & K) Il =

Supz & wy (o) UPE e wy oy USTIET 1A NILE U

Finally, Daniel et al., (2023) determined the bounds of the
norm of elementary operator of length two in tensor product
using the Stampli’s maximal numerical range and obtained
theorem 3.4;

Theorem 3.4: (Daniel et al., (2023).

Let H and K be Hilbert spaces and let M:sz5-z be basic
elementary operator on E(H (& K the set of complex
Hilbert space H @ K.If vU @& V € BE(H & K) with
U@V =1, A;.C; € B(H),B.D; € B(K)
& e WH(C & & WD) then we have
| Moszscap \BE(H @ K) Il =

L
Sup s e wyrc SUPYE & wy g UG 11 | I A; I By 1}

V. NORM OF FINITE LENGTH ELEMENTARY
OPERATOR IN TENSOR PRODUCT OF C*-
ALGEBRAS

In this section, as our main result, we investigate the bounds

of the norm of an elementary operator of finite length in a

tensor product of Cx-algebras using the concept of finite

rank operator and properties of tensor product of C*-

algebras

Theorem 4.1

If H and K are complex Hilbert spaces andB{H & K7}, the
set of bounded linear operator on H @& K. If
YX®YeBHAK)and I X & ¥ II= 1 then;

i
I T, II=Z A 00 E; I C; o
i=1

, where T;; is the Elementary operator of finite length as
defined earlier and 4;.C; € B(H) and E; D; € E{(K}.

Proof

By definition

H,j&jéﬂ BE) =supll (X BFI 1 VX BY € BIHBELIXE

Therefore we have;

ITABH@EM =T, (X @F)., VIRFV¥eBHBELIXF®YI=1

Thus, 7z =0

ITHABIH@EN —=<IT(XA@¥)I YXRF¥eB(HBELIXBFI=1

| TAEB(H @ &I —==I ZA@ Bl X®YICED; =
]

Il 4,@E,(XEYICED, + 4, @5, (XE&Y)C,EHD, +-- + A @B (X&) &HD,, |

From properties of tensor product of operators we have
AEENEY) = AX®EY

Therefore we have;
I ]".,“HE':H IEIH] | —z <l A,&C, ®EYD, + A, X0 @EYD, +-+
A XCWEYD |

Therefore, by triangular  inequality, we have;
Il TAB(H @ KD || —2 <l A.XC, @B.YD, || +ll AXC;®EFD; || + -+
AXC.®EYD, |l

Also using the tensor product property that
I A X@EF 1=l 4% I BF 1

Thus we have;
| TAE (H @ KD | — <l AXC: I B ¥ Dy 1|+ A XC 1] Bo¥ Dy I
4o+ AKE, Il BLYD, I

Since = = 0 was arbitrarily taken then

I T ABH @ E) N0 AXC M By YDy I+ AXCo I B YD I+
+1 A XC, Ml B,¥Y D, | 4.1y
Since: |1 .4.Xc; 1=l &; 11X 00 C; =1 &; I C; 1 Since 1 X 11=1

Thus 11 4.xc; 1= 4 g 1

Likewise;

Il BYD; (1<I B I D )

Apply above to equation (4.1) we have

T 1= X2 A 1B C Dy 1

(4.2)

Conversely, let (=@s) be unit vector in H® & where e &
and f = & then

Il TLLE@FIe@fF) <l TLX@F) I Ce@fD 1

I T, 0 CH@ED I Ce@F3 =T, D1E NIF e £

This implies that: I 7, 1z1l T.(x@¥) (e@F) 1=

| {4, @5, (X@YIC.E0 + 4,05 (YY) CE D,

+--+ 4.8, (XBY)C®D We@f) I

=|| 4, @B XEYIC.BLe®f) + 4,88, (X@¥ICED (e@f) +- -+
A@E(xey)cen (=8 |

=l AXC @B, YD + A0 Ce@BYD.f + -+ A X Ce®EYI.f |
I Nz
| A, XCe @B, FILf + A X Coe B BFD.f + -+ A X Ce@B.YDF |
Thus if we square both sides:

1T, IF=
| A.XC.e@EFOLF + A X Ce®EYDf + -+ A X Ce®E.YD_F I

= (4. X¥C.e@B,¥D,f + A, XC.e@E,¥D.f + -+ A XC e@E¥D_F,
AXC, @B YILF + A XCe @BYDf + -+ A_XC.e@EB.¥D_f)
Tl = (4.5 C.e@B.¥D.f A X e @EVD.f + A NC, e@E, ¥ D f
4o+ A XC,e®EB, VD, f) +

(AKX B YD A X Ce@E. YO f + A, Ko @BV ILF + -+
AN e@EYD_F)

4+ (A _XC e@B YD f A XC @B YD+ A X e@B¥ILF
o+ A XC e@EYD_F)
= (A XC.e@®B.YD,f 4,50, e@B. YD, F) +
(4. XC.e@®E. YD, f A, XC,e @B Y ILf) +-r
HAXCe®E YD, f A XC e ®E.YD_f)
H AKX C, e® B, Y D, f. A, XC, e®E, ¥ D, f)
AN C, e@B, YD, f, A K e @B VDL F) + .-+
(4. X0, @B, ¥D.f. A X e@BFD i+ .-+
(A XC e@®B. YD f AXC.e@®B.YD.fi+
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(A_NC e@EB VO f A XCe@E,FLF) +-+

(A XC e@B YD f.A XC @B ¥D_f)

Since (x,@%. x.®¥.) = (x,x ¥, ¥.) we have:

= (4, %C,8, A, XC,el B, YD, f. B, YD, i +

(A XC e, ALK C e B ¥ D, f, B YD, f) + -+

(A XCe AN eHB.¥OF B YD £+ {4, Xe A, XC e

(B ¥D.f B.YD.fl +{AXC e A XC,ed (B ¥D.f. B,¥D.f} + .-+
(A XC e A XC eMB,¥D f. BLYD fi+ -+

(A HC e, AXC, B YD f B.¥D.f) + (A X0 e A X eNB YD f B ¥D.f)

o+ A K8, A HCeNB, YD fB, ¥ O_f)

=l A, Xy PN By ¥ B I+ A8 Oy A, X0 e B YD f B Y DL F) +
+H A HCye, A KC B,V D f, BLYD.f)

+HA 30,8 4, KT B, ¥ DLf, BV DL F)

HI AHCre P B¥F Dof 54 - + (4K Cpe, A XC el B ¥ D f, B.¥ D f)
o+ A KO0, ANC e B ¥ f. B D F) + {4 ¥C e, 4,50, )
(BL¥OLf, B ¥ Oof) + 4+l xc elF s vo fl (4.3)
Now, let u;. v;: H — B be functionals for i = 1.2.....n
Choose vectors ¥.z € H and define finite rank operators
A= u;@yvand C; = v;@zon K fori = 1.2,....n by
Aie=(u@y)e =u;{ely veeH with lel=1
i=12,...n and Cie = (1;@z)e =1;(e)z with lel=1
i=12,...n
Observe that the norm of 4; fori = 1.2,.....n is:

I 4; 1= sup{ll (u;@v}e l:e e H,l e < 1}

= supi{ll u;(e)y l:ec H |l e ll= 1}

supflu;(e)] Iy ll:e € H l e ll< 1}

supf|u;(e}l:e € H.l e 1= 1} = |u;(e)]

Thatis Il 4; I= |u;(e)}| ¥e e Hwithlle ll=1i=12,...n
Likewise, the norm of C;is Il C; I= |w;{e}| ¥ e € H with
lell=1i=12....n

From 3.2 above then:

I A XCiel*=Il Cu, @)X (v, ®@z)e I

=l (u, ®y) Xv,(e)z I?

=1 vy (e) (@)X (2) I?

= v, (@ I (u, ®y)X(2) I*

= Jry (@ * Nuy (X &)y 1P

= vy (&) Pluy (XE )2 1y 1P

= vy (&) *luy (XD )P =1 4, 1PN G, 1P
Thus

I AXCeI*=1 4, IPI C, 1P (4.4)
Thus using the same concept also:

Il B,¥D, f I*=Il B, Il Dy II? (4.5)

Il A XCoe IF=Nl Ay 121 €4 112 (4.6)
Il B,¥YD, f I*=1 B, I*1l D, I (4.7)
Il Ay XCre IF=1 Ay 121 €y 112 (4.8)
Il B,¥D,f I*=1 B, I*1l D, I (4.9)
Also:

(A, XC,0 A, XC,8) =

{(u, @)X (v, ®2) e, (u, @y) X (v, ®z) &)
= {(u, @y) Xv, (&) z. (u, ®y) X v, (e)z)

= (v, () (u, @y) Xz, v, () (u, @y) Xz)
= (v (e, (X (2) )y, va (€)ua (X () )y

= vy (@)u, (X (2) v, (2)uy (X (D) y. v

= v, (e)uy (X (2) vz (&) uy (X(2))
Since v, (&), u,(X(z) ), v, (e) and uz(X(z)) are all positive
real numbers, we have:
vy (e) = lv, (&) =1l €4 1, u, (X(2)) = |u,(x)| =0 4, 1,
vole) = v, (e} | =1 €5 1 and
u (X)) = |uy (X)) =1 4, 1
Thus we have
(A, XC e A, XCo0) = v, (@) u, (X(2) Yoy (@ u, (X(2)) =1
Cy Ay WIE MW Az

Since the norms of 4; and £; for ¢ = 1.2,....n are scalars

then :
(A, XC,e A, XCoed =1 Ay Az 1N Cy N (4.10)

Hence using the same concept as above then:

{B,YD,f.B,¥D, ) =1 B, Il By W Dy 1Nl Dy 1 (4.11)
It then follows that
(A, XC,0 A, XC,e) =

{(u; @)X (v, @2)e, (u, @y) X (v, @z) &)

= {(u, @y) Xv,(e)z, (u, @y) Xv, () z)
= (v, (e} (w, @) Xz, v, (€) (u, @y) Xz)
= (v, () u, (X(2) )y, v, (€duy (X (2) )y
= vy (&) uz (X (=) vy () uy (X (21, v

= 1,(&) uy(X(2) Joy (@ ey (X(2) ) =0 € W0 Az W0 Cy WA
Al
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Since the norms of 4; and £; for i = 1.2,....n are scalars
then :

(A, XC e, A, XCe) =1 A, I A; INC, NN 0 (4.12)
Thus using the same concept then:

(B,YD,f.B,YD,f} =1 B, Il By W Dy I Dy 1 (4.13)
{B,YD,f. B, ¥D,f} =1 By N By NI Dy 1N By 1l (4.14)
(B,YD, f.B YD, f) =1 B; Il B, I Dy 11l Dy 1l (4.15)
(B, VYD, f.B, VYD, fy =1 B, Il B, 11D, 1N Dy 1l (4.16)
(B, ¥D,f. B, ¥D,f) =1 By N By NI Dy 1N By 1 (4.17)
(4, XC,e, A XCpe) =1 Ay I Ay M C M Cy (4.18)
{A;XCom A X Cred =1 Ay Ay 1N SN0 CL 0 (4.19)
(4, XChe A, XCoe) =1 Ay I Ay M C M Cy (4.20)
(A XChe A XCoeh =N Ay I Ay I Co N0 Cy ll (4.21)

Thus substituting equations (4.4) to (4.21) in (4.3) then
0T =0 A, 170 By 130 & IR0 Dy IR+
AL 0By G D I Az I By I G B )
oA B IS, NDy AL 0B S, D, 1+
AL 0By G D I Az I By I G B )
Az B0 By RN G IFI Dy IR+ +
Az I Bz G B2 00 A B Il g I D I+ +
LA By I Cy U2y 00 AL I ES Il il B 1+
1 T 0 . 0 4 0 1 o ]
+ ol An 1PN By PN Go IR D, I
This implies that:
T2 =LAy 10 By 11 Cy 10 Ba 1411 Az 1 Bz I Gy 1Dy I
RaRh o I 1= ]l [ 9 I
Thus obtaining square root in both sides:
N Nz Ay HE TSy 0Dy 040 Az NEE; T2 N
Do+ +0 Ay T B, NS M D )
Finally, it’s clear that:
I T M= 20, 0A; I B; I C; 1o 1l (4.22)
From (4.2) and (4.22) then
| TAB(H®K) ll= 27—y I A; N0 B; 10 C; 0 D; 0

RECOMMENDATIONS

From the above main result an attempt can be made in
solving the norm of finite length elementary operator in
tensor product of C*-algebras using a different methodology
of Stampli’s maximal numerical range.
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