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Abstract: Many researchers in operator theory have attempted to determine the relationship between the norm of an
elementary operator of finite length and the norms of its coefficient operators. Various results have been obtained using varied
approaches. In this paper, we attempt this problem by the use of the Stampfli’s maximal numerical range.
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1. Introduction

Properties of elementary operators have been investigated
in the resent past under varied aspects. Their norms have
been a subject of interest for research in operator theory.
Deriving a formula to express the norm of an arbitrary
elementary operator in terms of its coefficient operators
remains a topic of research in operator theory. In the current
paper, the concept of the maximal numerical range is applied
in determining the lower bound of the norm of an elementary
operator consisting of two terms, and also to determine the
conditions under which the norm of this operator is
expressible in terms of its coefficient operators in B(H).
Specifically, the Stampfli’s maximal numerical range is
employed in arriving at our results.

Let H be a complex Hilbert space and B(H) be the set of
bounded linear operators on H.We define an elementary
operator,

Ey: B(H) — B(H), W — X, WS,

for all W € B(H) where T;, S; are fixed elements of B(H).
When n = 1, then we obtain a basic elementary operator,

E,:B(H) — B(H),W — TWS,

for all W € B(H) and T,S fixed in B(H). We denote the
basic elementary operator by My . When n = 2, we obtain
the elementary operator of length two, whereby,

Ez(W) = T1W51 + T2WSZ,

forall W € B(H) and T}, S; fixed in B(H) for i = 1,2.
The Jordan elementary operator, Uy s, is defined as;

Urs:B(H) — B(H),W — TWS + SWT,

for all W € B(H) and T, S fixed in B(H), is an example of
elementary operators.

Let A be an algebra. A derivation is a function A: A —
A for which A(x,y) = x(Ay) + (Ax)y for all x,y € A. If
there is an a € A such that Ax = xa — ax for all x € A,
then a?? is called an inner derivation. A derivation is
another example of elementary operators.

The Stampfli’s maximal numerical range of T € B(H) is
the set,

Wo(T) = {2 € C:(Txp, xn) = 4, llxpll = L, I T, |l — T3,

while the maximal numerical range Wg(T*S) of TS relative
to S is defined as,
Ws(T*S) = {4 € C:3{x,,} € H, ||x, |l = 1,
limy, oo (T"Sxp, xp) = A, limy oo [ISx || = [IS113,

where T* is the Hilbert adjoint of T.

For any x,y € H, the rank one operator, x®y € B(H), is
defined by (x®y)(z) = (z,y)x, for all z € H.

This paper has determined the norm of the elementary
operator of length two.

Given and clementary operator E, on B(H) with fixed
operators T;,S; on B(H) for i = 1,2, does the relationship
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1E2 |l = X2, IT:11S;]| hold? King’ang’i [1] attempted this
problem using the maximal numerical range of T*S relative
to S. The current paper employs the concept of the Stampfli’s
maximal numerical range to determine the lower bound of
the norm of elementary operator E,, and also to determine the
conditions under which the norm of this operator is
expressible in terms of the norms of its coefficient operators
in B(H). The approach used by Barraa and Boumazguor [2],
and also by King’ang’i [1] is employed in obtaining our
results.

2. The Norm of the Jordan Elementary
Operator

Let H be a complex Hilbert space, B(H) be the algebra of
bounded linear operators on H, and T,S € B(H) be fixed.
For a Jordan elementary operator Ur 5, Mathieu [5], in 1990
proved that in the case of prime C*-algebras, the lower
bound of the norm of Uy 5 can be estimated by

2
lVzsll = S ITHISI.

In 1994, Cabrera and Rodriguez [3], proved that

1
U751l = 557z IS,
for prime JB*-algebras.

On their part, Stacho and Zalar [6], in 1996, worked on the
standard operator algebra (which is a sub-algebra of B(H)
that contains all finite rank operators). They first showed that
the operator Uy s actually represents a Jordan triple structure
of a C*-algebra. They also showed that if A is a standard
operator algebra acting on a Hilbert space H, and T, S € A4,
then

|Ursll = 2v2 = DITHISI.
They later (1998), proved that
[Uzsll = TSI

for the algebra of symmetric operators acting on a Hilbert
space. They attached a family of Hilbert spaces to standard
operator algebra and used the inner products in them to
obtain their results.

Barraa and Boumazguor [2], in the year 2001 used the
concept of the numerical range of T relative to S, denoted by
Ws(T*S), to obtain their results. They employed the idea of
finite rank operators to prove the following theorem;

Theorem 2.1 Let H be a complex Hilbert space and B(H)
be the algebra of all bounded linear operators on H. If
T,S € B(H) with S # 0, then;

[oe]

2
|||S||T+ms

)

As a consequent of this, they proved the following

|ursl| = sumewm{

corollary;
Corollary 2.2 Let H be a complex Hilbert space and T,S
be  bounded  linear  operators on H . If

0 € Ws(T*S)UWy(S*T), then,
Uzl = TSI

They also proved the following proposition;
Proposition 2.3 Let H be a complex Hilbert space and T, S

be bounded linear operators on H . If ||T|IIS]| €
Wi (S*T)N € Wy+(ST™), then;
Urs|l = 20TIISII.

Proves to theorems 2.1, 2.2 and 2.3, can be obtained from

[2].

3. Norm of Elementary Operator of
Length Two

Kingangi et al [4] in 2014 used finite rank operators to
determine the norm of the elementary operator E,. Below is
the theorem they proved (see theorem 2.5):

Theorem 3.1 Let H be a complex Hilbert space and B(H)
be the algebra of all bounded linear operators on H. Let E,
be the elementary operator on B(H) defined above. If for an
operator W € B(H) with ||W|| =1 we have W(x) = x for
all unit vectors x € H, then;

NEIl = 2T NS,

fori =1,2.

For the proof of theorem 3.1, see King’ ang’i [4], theorem
2.5.

Odero et al [7], determined the norm of tensor product
elementary operator. They showed that for an inner
derivation Ay, we have |[Az|| = 2||T|| if and only if 0 €
W (T). They also proved that if S,T € B(H), then we have;

lE2 |l = sup{lITX — XS||: X € B(H), lIX|| = 1}.

Jocic et al [8], proved that if {T,},ea and {Sy}qen are
weakly*-measurable families of bounded Hilbert space

operators such that transfers X — | 2 TaXTpdp(a) and

X— A SaXSedp(a) on B(H) have their spectra contained
in the unit disc, then for all bounded operators X, we have;

a7 XAl < [|X = [\ TaXSadu(@)|,

where

2
. 2
Ap=S— 1r1;r11 (1 + Z P2 [ (| Tay o Tay | du™(ay, ...,an)>

n=1
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and Ag by analogy.

Wafula, et al [9], considered normally represented
elementary operators. They proved that the norm of an
elementary operator is equal to the largest singular value of
the operator itself. They also proved that, if the Jordan
elementary operator Ur 5, we have;

[Ursll,,,; = 2vZ=TITIHISII,

where S, T € B(H).

In 2017, King’ang’i [1] employed the concept of the
maximal numerical range of T*S relative to S to determine
the lower norm of an elementary operator of length two. He
proved the following theorem (see theorem 3.1):

Theorem 3.2. Let E, be an elementary operator of length
two on B(H). Then,

where S;, T; are fixed elements of B(H) for i = 1,2.

He also determined the conditions on which the norm of
E, is expressible in terms of the norms of its coefficient
operators by proving the following theorems (see corollary
3.2 and theorem 3.3):

Corollary 3.3 Let H be a complex Hilbert space and T;, S;
be bounded linear operators on H for i =1,2. Let 0 €
Ws, (S351)UWs, (S1S2). Then,||E5 || = [Ty ISy I, where E; is
as defined earlier.

Theorem 3.4 Let H be a complex Hilbert space and T;, S;
be bounded linear operators on H fori = 1,2. Let E;be an
elementary operator of length two. U||T, || T;|| € W; (T T7)
and [|S,[[1IS, || € Ws, (S1S2), then,||Ex || = X IT: IS .

Below, we present more results on the norm of this
operator by employing the concept of theStampfli’s maximal
numerical range. In theorem 3.5, we determine the lower
bound of the norm of the operator E, while in theorem 3.6
we determine the conditions necessary to express the norm of
E, in the form ||E5 || = X TSI

Theorem 3.5 Let E, be an elementary operator on B(H)
and S1,S, € B(H). If A; € Wy(S;) for each A; €C, i = 1,2,
then  we  have ||E;|| = supyew,cs){llXics ATiII: T; €
B(H),i = 1,2}.

Proof. Let {x,},>1 be a sequence of unit vectors in a
Hilbert space H and y®x,, € B(H) be a rank-one operator on
H for a unit vector in y € H, defined by (y®x,)(x) =

2
lE:l =2 sup  ||IIS:lIT: s 2
1

AEWs, (52 sl){

(x,x,)y for all x € H. Recall the Stampfli’ smaximal
numerical range of T € B(H) is the set,

Wo(T) = {2 € C:(Txn, xn) = 4, llxpll = L, ITx, || — |ITII3,

If A, € Wy(S;) and 1, € Wy (S,), then there are sequences
{2 n=1 and {yu}ns1 of unit vectors in H such that
limn—wo(Slxnrxn) = /11 H limn—»oollslxn” = ”51” and
limn—wo(Sanrxn) =1z, limn—wo”San” = ”52”

Now, we have;
2
(Z MTi,Si (Y®xn)> Xn

i=1

(B v®x) ol = ‘

(EA|

2
= Z MTi,Si(y®xn)
i=1
2
z MTl',Si
i=1
2
z MTi'Si
i=1
2
= Z MTirSi
i=1

Therefore,

IA

lly®x, |l

IA

lly IH1xx I

>

2 2
Z Mrs; (Z Mz, s, (Y®xn)> Xn
i=1 i=1

= (T, (y®x,)S1 + T2 (Y®x,)S2) x|l
= |ITy (Y ®x,)S1xn + T2 (y®x,) Sz %, |

= ”(Slxn: xn)le + (Szxnﬁxn)TZy”

Taking limits as n — oo, we obtain;
2%, MTi,Si” 2 LTy + L,Tyl=IXi ATy,

and this is true for any A4; € W,(S;) and 4, € W,(S,), and
for any unit vector y € H.

Since A; € Wy(S;) for i = 1,2, and y € H are arbitrarily
chosen, then we obtain;

”212:1 MTi,Si” = SuPlieWO(si){SuPnyn=1{||Zi2=1 liTiJ’”}} = Sup/liEWO(Si){”Zizzl AT}

Thus, ”212=1 MTi,Si” = SUPAL-EWO(SL-){”Z?ﬂ AT} . or
|E| = sup,liewo(si){llzizzlAiTill}, and this completes the
proof.

In the next theorem, the condition necessary for the norm
of the elementary operator E, to be equal to the sum of the
product of the norms of the corresponding coefficient
operators in its definition is given.

Theorem 3.6 Let E, be an elementary operator on B(H)

and S;,T; € B(H) for i = 1,2. If ||S;|| € W,(S;) and ||T;|| €
Wy (T;) for i = 1,2, then;

IE:Il = 22T IS

Proof. Let{x,},~1 be a sequence of unit vectors on H and
x,®x, € B(H) be a rank one operator on H for a unit vector
X, € H, defined by (x,,®x,)(y) = (¥, x,)xp, for all y€ H.

IfS; € Wy (S;) and T; € W, (T;), fori = 1,2, then there is
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a sequence {x,}n,»; of unit vectors in H such that
limn—»oo(sixn' x‘n,) = Si 5 limn—wo”Sixn” = ”l” for i = 1'2 5
and there is a sequence {y,},>, of unit vectors in H such
that limn—wo(Tiynryn) =T , limn—»oo”TiYn” = ”TL” , for
i=12.

Now, we have;

2
”(EZ (xn®xn))xn” = ‘ (Z MTi,Si(xn®xn)> Xn
i=1
2
<D Mr s, @) |l
i=1

2

=

2
E MTivSi
i=1

< Il @5l

2

E MTivSi
i=1

2

E MTivSi
i=1

= ”le=1 MTi,Si”’

< (AT

So, we have;

2
(Z MTi,Si (xn®xn)> Xn
i=1

= ”(Tl (xn®xn)51 + Tz (xn®xn)52)xn”2
= ”Tl (xn®xn)51xn + T, (xn®xn)52xn”2

= [I{S12n, X2 ) T1 X, + (S22, xn)Tanllz

2

= «Slxn' xn)Tlxn + (San' xn)szn' (Slxnrxn)Tlxn + (Szxn' xn)szn)

= ”(Slxn:xn)Tlxnllz + ”(52xn:xn)T2xn”2 + 2Re<<52xnv xn)TZXn: (Slxn:xn)Tlxn)

:l(slxn: xn)lzllTlxnllz + |(52Xn,xn>|2“T2Xn”2 + 2Re{(52xn: xn)<T2xn: Tlxn)<51xnﬁxn)}-

Now, by the CBS inequality, we have that;

(T2x0, Tox)| < T2 [Ty 20 | < NITRIIT4 L

and hence,

limy, o0 (T2 20, T X0) = T2 1T 1]

Therefore, taking limits as n — oo, we obtain;

2
(1281 Mrys |” = IS IPITLIZ + ISP IT2IZ + 2US P TP IS NPT 1.

The right hand side is equal to (X2, |IS;|IIT;])%. Thus we
have;

2 My, = S2 ST

Now, since the inequality Y7_, Mr s, < %7 [IS;[IIT;l
always hold (by the triangular inequality), then we obtain
Yii My, = S lISANIT L.

4. Conclusions

In this paper, we have determined the lower bound of the
norm of an elementary operator of length two in a C*-
algebra B(H) and using the Stampfli’s maximal numerical
range. The conditions in which this norm is equal to the
sum of the products of the corresponding coefficient
operators has also been considered. One may attempt this
problem for an elementary operator consisting of more that
two terms.
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