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Abstract: Properties of elementary operators have been studied over the past years especially the norm aspect.
Various results have been obtained on elementary operators of different lengths using different approaches. In this
paper, we determine the norm of an elementary operator of length n in a C*algebra using finite rank operators.We

will review known results on Jordan and general elementary operators which are useful in getting our result.
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1. Introduction

Elementary operators have been studied in the past few years and their norms obtained by different researchers.
Bounds of these norms have been put into consideration in many papers among other aspects. While finding the
upper bound of the norm of this operator is trivial by the triangular inequality, determining the lower bound is
challenging. This has led to the lower bound of the norm of elementary operator attracting the attention of many

researchers in operator theory.

A C* algebra Ais a Banach algebra over the field of complex numbers,in which is defined an involution *: A —
A, such that,||xx*|| = ||x||*for all xin thegiven B*algebra. The property ||xx*|| = ||x||?is reffered to as the C*
identity. Onewritesx*for the image of an element x of A.

Fora C* algebra A, anoperatorT : A — A is called an elementary operator if T can be expressed in the form;
Tx = YA;xB; withA; and B;(1 < i < l)inA and! € N. ForA a C*algebra, one may allow 4; and B; to be in
the multiplier algebra of A.

If A, B € A, we define a basic elementary operator;
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Myp:A = Aby Myp(x) = AxB
Let H be a Hilbert space, L(H)algebra of all bounded linear operators on H and
M, p: L(H) — L(H)be the basic elementary operator then the operator;
Upsp = Myp +Mpy
is called the Jordan elementary operator.
A finite-rank operatorT : U — V is a bounded operator between Banach spaces such that its range is finite
dimensional. In the Hilbert space case, it can be written in the form ;
Tx = Yn; =1a;{x,v;)uforall x € U, where byu; € V ,and v; € U’ are bounded linear functionals on the
space U.

In this paper we determine the norm of an elementary operator of lengthn in aC*algebra using finite rank operators.

2. Norm of the Jordan Elementary Operator
Norms of elementary operators were studied by Mathieu[5] in 1990who worked on prime C*algebras.They proved
the following;
Theorem 2.1[Mathieu,1990]
Let A be a prime C*algebraandA,A’,B,B’,B",C € A.Then;
2lAINBINCH < ||Map + Mg 4 ICN + ||Mpc + My g |[IANl + ||M 57 + Mg c||[IIA']l. In particular they proved

that;

M4 p+Mp 4| = 2/3 lAllNBI
Cabrera and Rodriguez[4] in 1994 worked on a Jordan elementary operator. Stacho and Zalar[6] in 1996 gave the
lower bound for standard operator algebras by attaching a family of Hilbert spaces to a standard operator and using
inner product on them in order to obtain a supremum type estimate. They showed that if A is a standard operator
algebra acting on a Hilbert space H,A, B € A andA = B, then

Uszll = 2(vZ = 1)llANlIBII.
Barraa and Boumazgour [2] in 2001 gave the lower bound of a two sided multiplication operator using the concept
of the numerical range as shown in the following three results;
Theorem 2.2
Let A,B € L(H) with B # 0.Then

sup ]

[Ma5 + Maall 2 ; ¢ W5 (A*B)

BllA +

A B
5]

Corollary 2.3
If 06 Wy (A*B) U W, (B*A) then;
M5+ Myl 2 14111
Proposition 2.4
IfllAlllIBI € W,(B*A) n W,-(BA™), then;
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|Mags + Mp al| = [|[Mas|| + || Mzl = 211ANIBII

3. Norm of General Elementary Operator

Timoney[1], in 2007 used numerical ranges and the tracial geometric mean to obtain an approximation of E,,. In
2008 Nyamwala and Agure[2] used the spectral resolution theorem to calculate the norm of E,, induced by normal
operators in a finite dimensional Hilbert Space. In 2014 King’ang’iet al [4] gave the norm of a general elementary
operator of length two using the finite rank operators. Their work forms the basis of the results in this paper.

The following is their result;

Theorem 3.1

Let H be a complex Hilbert space and L(H) the algebra of all bounded linear operators on H. Let E, be the
elementary operator on L(H)defined above. If for an operatorW € L(H)with ||W| = 1, we have W (x) = xfor all
unit vectors X€ H, then

IE, |l = 22 llANIBI.

In 2017 King’ang’i[7] gave the results below for an elementary operator of length two.
Theorem 3.2

Let E, be an elementary operator of length two on L(H) then,

7

IS IT; + o

T,

E |l = Aew;ugz*sl){ },Wheresi, T, are fixed elements of L(H) for
1

i = 1,2, whereWs, (S,"S;) is the maximal numerical range of S,"S; relative to S;.

Corollary 3.3

Let H be a complex Hilbert space and T;, S; bounded linear operators on H for

i =1,2.Let 0 Ws, (S;"S1) U Ws, (S1"S,). Then |IE; || = [Ty IS, I, where E; is as defined earlier.
Theorem 3.4

Let H be a complex Hilbert space and T;, S; bounded linear operators on H for

i =1,2. Let E, be anelementary operator of length two.
If 1T IIT,]l € Wry+(TT1") and (IS 11IS, 1l € Wy, (S17S,) then, |, Il = ZE_ IT:IS; I

Theorem 3.5
Let E, be an elementary operator on L(H)and S;, T; € L(H)fori = 1,2. . If

IIS; Il € W, (Spand||T;|| € W, (T;) for1,2,3,....n, then ||E, || = X2, IT;1I1IS;II.

In the next theorem we have our main result. We employ finite rank operators to obtain the norm of an elementary
operator of length n.
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Theorem 3.7

Let H be a complex Hilbert space and.£L(H)be the algebra of all bounded linear operators on H.Let E,, be the
elementary operator on L(H). If for an operator X € L(H)with||X|| = 1, we have X(f) = f for all unit vectors
f € H then;

n
1Bl = ) I4dlIB L n € N
i=1

Proof:
E,is defined as E,, (X) = A;XB; + A,XB; + A3XBs + -+ + A, XB, for all
X € L(H)and
A;,B; € L(H),i =1,2,3,...n. We have;
NE, ILCDI = sup {IIE, XOIl: X € L(H), IX|| = 1}
Therefore ||E, |[LCH)]| = |E, XDl VX € L(H), [IX]| = 1.
Now, for all real € > 0,we have||E,|L(H)|| — & < ||E,,(X)|| VX € L(H), ||X]| = 1.

Thus||E, [LCDI| — & < [[A1XBy |l + |A2XBa |l + |AsX B3| + -+ + [|A, X By ||

n n
= D IAXB < ) AN

Letting £ - 0 we have;

HE  LLCHD I S i HAGIIB: Il 1)

Next we show the reverse inequality, that is;

NE, ILCEDN = X7 A Bl

Since [|E, X = sup {lE,X)fl: f € H, |IfIl = 1} then we have

IE, (O = E,COf VfeHIfll=1.

Recall
E,(X)f = (A;XB; + A,XB, + A3XB3 + -+ A, XB,)f

Let u;, v;: H > R* be functionals for i = 1,2,3, ...n. Choose unit vectors y,z € H and let

A; = u;®@yandB; = v;®y be finite rank operators on H for i = 1,2,3, ... n defined by

Af = W,®y)f = w;(fH)yandB;f = (v;®2)f = v;(f)z for f € H with ||f]| = 1 for
i=123,..n

Il Aill = sup{ll(w,@y)fII: f € H,IIfIl = 1}
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= sup{llw;(Nyll: f € HIIfIl = 1}
= sup{lu;(DIlyll: f € £ IIfIl = 1}
= sup{lw(NI: f € B IIfIl = 1} = lw; ()]
That is, [|4;]l = [u;(f)] for=1,2,3,..nwhere f € H,||f||=1.
Similarly, |B,|| = |v,(f)| for = 1,2,3,...n where f € H, ||f]| = 1.
Thus for all f € H, ||If]| = 1, we have;
E,(X)f = (A1XBy + A,XB, + A3XB3 + -+ A, XB,)f
= (A XB)f + (A2XB,)f + (A3XB3)f + -+ (A4, XB,)f
= (WX, Q2)f + (U, @) X(,Q2)f + (Us®Y)X(W3Q2)f + -+ + (U, V)X (v, ®@2) f
= 11 (N W)X (2) + v2(f) W ®Y) X (2) + v3(f) (W3 ®y)X(2) + -+ + v, (f) (u, @)X (2)
= (N (X@)y + v2(Nuz(X @)y + v3 (N3 (X (2))y + -+, (N (X (2))y
RecallllE, [ = sup{llE, COIl: for all X € LH), lIX|| = 1}.
Hence, ||E, IL(EDIl = IE, (XII: X € L(H), IX]| = 1.

Therefore,

IE LD = [l (D (X @)y + v2 (Huz(X(2))y + v3(Fus (X @)y + -+ + v (D (X@)y ||

= (W1 (Nw (X @)y + v2(Nua (X @)y + vs(Nus(X(@)y + -+ + v (N (X(2))y, v1 (Nus (X (2))y
+v2(Nua(X(@)y + v3(Dus (X @)y + - + v, (N, (X(2))y)

= (1 (N (X @)y + v2(Nu (X (2))y + v3(Nus(X(@)y + - + v, (N, (X(2))y, v1 (N (X (2)) y)
+ (0 (NDu (X(@)y + v2(Nux(X(@)y + v3(Huz (X @)y + -
+ 1, (N, (X(2)y, v2(Nuz (X (2)) )
+ (N (X @)y + v2(Nw(X(2)y + v3(Pus (X (2))y + -
+ 0, (N, (X(2))y, v3(Huz (X(@)y) + -
+ (1 (NDu (X(@)y + v2(Nux(X(@)y + v3(Huz (X @)y + -
+ 1, (N, (X(@)y, v (N (X (2)) )

=1 (N1 (X(@)y, v1(Nus (X (@))y) + (02 (N2 (X @)y, v1 (Hus (X (2))y)
+Hv3(Nuz(X(@))y, v1 (Hwg (X (2))y)+..
1, (N, (X @)y, v (D (X@)y) + (w1 (Hws (X (2))y, v2 (Huz (X (2))y)
+H (N (X (2))y, v (N (X(2)y) + (w3 (Hus (X (2)y, v2 (Nua (X (2))y)
oot W (N (X (2)y, v2 (Do (X (2))y)
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v (Huy (X(z))y, v3(flus (X(Z))Y> + (v (Hu, (X(z))y, v3(fus (X(Z))}’)
3 (Nuz(X(2))y, v3(Huz (X (2)y) + -+, (N, (X(2))y, v3(HNuz (X (2))y) + -+

o1 (N (X(@)y, v (Hun (X(@)y) +
(w2 (N (X (2))y, v (Pt (X (2))y)+ w3 (Hus (X (2))y, v (Nun (X (2))y) +
(v (un (X(2))y, v (Hun (X ())y)

:”171 (Puy (X(Z))YHZ +v,(Hu, (X(Z))U1 (Puy (X(Z))(J’: y)+vs(fus (X(Z))Ul (Puy (X(Z))(YJ/) + et
v, (Fu, (X(Z))vl (Nuy (X(Z))(y' )+ v (Huy (X(Z))Uz (Nu, (X(Z))O" ¥+

[v2(Pua(X@ )| + v3(Hus(X(@)v2 (Nua (X (@), ) + -+

0, () (X202 (Fup (X (), v+, (Dg (X (2)) w3 (Hus (X (), ) +

v, (Fu, (X(Z))U3 (Hus (X(Z))(Y'Y) + "173 (Nus (X(Z)))’HZ + 4 v, (Huy, (X(Z))U3 (Nus (X(Z))O’;Y) + ot
v (Huy (X (2))v, (PO (X(@)y, ¥) + v2 (D2 (X (@)1, (Pun (X ()3, y) +

03 (s (X (@) (Nt (X (D)3, 9) + -+ [[on (Pun (X @) )y ||”

lv1 ()12 ]uy (X(Z))|2 + 1, (Nuz (X (2)v1 (Nus (X () + v3(Nus (X (@) v (NHug (X () + - +

0, () (X(2)v1 (P (X (@) + 01 (Dua (X (@) 02 (Nua (X @) H (1) | (X @) +

v3(Fus (X (2) )2 (Huz (X (2))+... + v, (D (X (2) ), (D (X ()41 (Hug (X (2) )3 (Hus (X(2)) +

v, (Fuz (X(2))vs(Hus(X(2) + |173(f)|2|u3(X(z))|2 + o4 v, (P, (X(@))vs(Dus (X (2) + -+ +

v1 (N (X (@) v, (N, (X () + v2(Huz (X (2)) v, (N (X (2)) + v3(Nus (X (2))v, (Hun (X () + - +
1 (D12, (X))

= {luOws XD + {le DIz (X))} + (v (Dl [us (X @)} + -+ + {11 (Ol (X ()]}
+ v (Huy (X(z))vz (Nuy (X(z))

01 (N (X@)v3 (Nus (X (@) + -+ + V1 (Nt 1 (X () (Nt (X (2))

Now ,since v; (f), v (f), ... v, () (X (2)), up (X (2)), .., u, (X (2) ) are all positive real numbers,we have ;
v (F) = [y (A = 1Bl v,(F) = 1v2(AI = 1B ll,.ee, v, (f) = lv, ()] = [IB, || and

ul(X(z)) = |u1(X(z))| = ||A1||,u2(X(Z)) = |u2(X(Z))| = [|4;1l,...,

U (X)) = |un (X(@)| = 14, 1.

Thus

IE ILCDINI? =

{14 H1B1 13 + €A MIBMIY + {NlAslIBs 1Y + - + {114, 111 B, 113> +

AL By AN B2 1AL 1T By A3 I3 + -+ 1A 4 1By 4 AR I B =22 11 AN B 13 +
iy Zh=all 4 B (1A Bl for j # k.

Therefore, || E, |LCEDII> = A1 1By Il + 1A IHI1B: Il + A3 B3Il + - + |4, 111 B, I}
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n
IEL[LCDN = A NIB I + A IHIBIT + A3 IIBs I+ - + 1A, B Il = ZIIAL-IIIIBL-II

i=1

Thus |IE, [LCDI = XP g MANIBL oo )

Hence combining 1 and 2 we have,

n
E, |ILUDI = Z”Ai””Bi”
i=1

4. Conclusion

We have determined the norm of an elementary operator of an arbitrary lengthin a C* algebra using finite rank
operators. Norm of an elementary operator of finite length may also be attempted using numerical ranges.
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